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Throughout this thesis, we work over the field C of complex numbers. For the dimension of a complex
algebraic variety or a compact (complex) Ka¨hler manifold it always means the complex dimension, unless
otherwise stated. We refer to [Har77], [KMM87] and [KM98] for the standard definitions, notations and
terminologies in algebraic geometry and birational geometry. Besides the introduction chapter 1, my
thesis contains four parts.
In Chapter 2, we generalized a surface result, that is, a parabolic automorphism of a compact Ka¨hler
surface preserves an elliptic fibration, to hyperka¨hler manifolds. In particular, we gave a criterion for the
existence of equivariant fibrations on hyperka¨hler manifolds from a dynamical viewpoint. This is a joint
work with JongHae Keum and De-Qi Zhang.
In Chapter 3, we studied virtually solvable groups G of maximal dynamical rank acting on a compact
Ka¨hler manifoldX . Based on the known Tits alternative type theorem of Zhang [Zha09b], we generalized
a finiteness result for the null-entropy subset of a commutative automorphism group due to Dinh–Sibony
[DS04]. As a consequence, we showed that if a normal algebraic variety is not rationally connected
and admits the action by a group of maximal dynamical rank, then it is a quotient of an abelian variety
(removing the condition on the null entropy part in early results of Zhang). This is a joint work with
Tien-Cuong Dinh and De-Qi Zhang.
In Chapter 4, we determined positive-dimensional G-periodic proper subvarieties of the pair (X,G)
of maximal dynamical rank. Actually, among other results, we proved that the union of all these positive-
dimensional G-periodic proper subvarieties is a Zariski closed subset of X . If we assume further that X
contains a G-periodic non-uniruled prime divisor D, we obtained a more clear geometric characterization




In Chapter 5, I first gave an upper bound about the dimension of automorphism groups of algebraic
varieties with pseudo-effective log canonical divisors. In dimension two, I then generalized a classical
result of Iitaka for logarithmic Iitaka surfaces to arbitrary algebraic surfaces of logarithmic Kodaira
dimension 0. I gave an optimal bound about the dimension of the automorphism group of such algebraic
surfaces. The proof is conceptual and does not use Iitaka’s classification of logarithmic Iitaka surfaces or
logarithmic K3 surfaces.
Key words and phrases. automorphism, complex dynamics, iteration, topological entropy, positive
entropy, null entropy, nef cone, ample cone, big cone, pseudo-effective cone, surface, Ka¨hler manifold,
hyperka¨hler manifold, dynamical degree, maximal dynamical rank, periodic subvariety, abelian variety,
semi-abelian variety, group action, logarithmic Kodaira dimension, algebraic group, Albanese morphism,
quasi-Albanese morphism, Albanese variety, quasi-Albanese variety.
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One of the main goals in algebraic geometry is to study automorphism groups, for capturing geometric
attributes of algebraic varieties. Towards this end, the extant literature has established a lot of
advancements, including the classical result of Hurwitz, who showed the automorphism group of a
complex projective curve of genus g ≥ 2 is of order ≤ 84(g − 1), and its generalizations to algebraic
surfaces by Xiao [Xia94] and to higher dimensional varieties by Hacon–McKernan–Xu [HMX13].
Recent breakthroughs in birational geometry also provide innovative insights on this topic (see e.g.,
[BCHM10, HMX14]). Nevertheless, the complete characterization of automorphism groups remains
unknown, much less the more mysterious case: groups of birational transformations.
The pioneer work of Grothendieck [Gro95] and Matsumura–Oort [MO67] has paved the way for
introducing the algebraic group theory into the study of automorphism groups. Indeed they pointed out that
the automorphism group Aut(X) of a projective variety X has the structure of a locally algebraic group
with finite or countably many connected components, which thus implies its identity connected component
Aut0(X) is an algebraic group. Following this line, one of my working topics is to characterize those
algebraic varieties under the semi-abelian variety actions (see §1.4 for the case of surfaces).
Another direction of my research is to study the dynamics of automorphism groups of compact Ka¨hler
manifolds. Borrowing the insights from dynamical system, Gromov [Gro03] and Yomdin [Yom87]
introduced the concept of topological entropy, defined by the induced linear group actions on cohomology
spaces, into the context of algebraic geometry. Based on their ground-breaking work, the literature has
established substantial developments on the dynamics of automorphism groups for various geometric
objects, including surfaces by Cantat [Can11, Can14] and Mcmullen [McM07, McM16], hyperka¨hler
manifolds by Oguiso [Ogu06, Ogu07, Ogu08], and general compact Ka¨hler manifolds by Dinh–Sibony
[DS04] and Zhang [Zha09b]. One of my past work generalizes Dinh–Sibony [DS04] to the case of
virtually solvable automorphism groups, and thus characterizes the structure of the null-entropy subsets
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of automorphism groups (see §1.1). My relevant work also includes a theorem about the existence of
equivariant fibrations on hyperka¨hler manifolds, generalizing the surfaces results due to Cantat [Can14]
and Gizatullin [Giz81] (see §1.2).
The minimal model program (MMP), aiming to obtain a minimal model via a sequence of divisorial
contractions and flips, also gives a thorough revelation about the dynamical or even group theoretical
characterization of automorphism groups. While Birkar, Cascini, Hacon and McKernan [BCHM10]
completed the MMP for any variety of general type, little progress has been made in the MMP for
groups of birational transformations. One natural attempt is to run a G-equivariant MMP for a suitable
group G such that each contraction morphism is a contraction of a G-invariant extremal ray or face
(see [NZ09, Zha16]). In this process, the G-periodic subvariety plays an important role, which is also
the central consideration in the dynamical Manin–Mumford (DMM) conjecture (proposed by Zhang
[Zha06]; see §1.5.4 for its reformulation). One of my projects gives a complete determination of positive-
dimensional G-periodic proper subvarieties of a projective variety X under certain conditions (see §1.3).
I will continue working on relevant topics that may give more insights to understand the DMM conjecture
as well as the G-equivariant MMP.
In the rest of this introduction chapter, I will describe my work in more details and then conclude by
discussing some open problems that I would like to pursue in the future.
1.1 Compact Ka¨hler manifolds admitting large solvable groups of
automorphisms
Zhang [Zha09b] proved the automorphism group Aut(X) of a compact Ka¨hler manifold X of dimension
n satisfies the Tits alternative, namely, for any subgroup G of Aut(X), either G contains a subgroup
isomorphic to the non-abelian free group Z∗Z, orG is virtually solvable (i.e., some finite-index subgroup
of G is solvable). Tits alternative is named after Jacques Tits, who first proved in [Tit72] the deep and
remarkable fact that general linear groups satisfy this property. See [CWZ14, Din12, Zha09b] in our
context. See also §1.5.1 for more discussions. In particular, if G is virtually solvable, it contains a
finite-index subgroup G1 such that its null-entropy subset N(G1) is a normal subgroup of G1, where the
(topological) entropy h(g) of an automorphism g ∈ Aut(X) is defined as follows (cf. [DS04, Gro03,
Yom87]):
h(g) := log ρ(g∗) := log max
{







1.2. Equivariant fibrations on hyperka¨hler manifolds
Also, the quotient G1/N(G1) is a free abelian group of rank r ≤ n − 1. This rank r is called the
dynamical rank of G, and it is independent of the choice of the finite-index subgroup G1.
Recall that an element g ∈ Aut(X) is of null entropy (resp. positive entropy) if its entropy h(g) = 0
(resp. h(g) > 0). A subgroup G ≤ Aut(X) is of null entropy (resp. positive entropy) if the null-entropy
subset N(G) = G (resp. N(G) = {id}).
When the dynamical rank is maximal (i.e., r = n − 1), Dinh–Sibony [DS04] showed that the
null-entropy subset N(G) is finite if G is commutative. In general, it is expected that N(G) is finite
except the case of complex tori. In the joint work [DHZ15] with Tien-Cuong Dinh and De-Qi Zhang, we
studied virtually solvable groups G of maximal dynamical rank and confirmed this expectation. In fact,
we proved a more general result that N(G) is then virtually contained in Aut0(X), i.e., N(G) is a finite
extension of N(G) ∩Aut0(X). Then if Aut0(X) is trivial one could deduce that N(G) is finite. This
also affirmatively answers [Zha09b, Question 2.17].
Theorem 1.1.1 (Theorem 3.1.2). Let X be a compact Ka¨hler manifold of dimension n ≥ 2 and G ≤
Aut(X) a group of automorphisms such that the null-entropy subset N(G) is a subgroup of G and
G/N(G) ∼= Z⊕n−1. Then either X is a complex torus, or N(G) is a finite group and hence G is virtually
a free abelian group of rank n− 1.
1.2 Equivariant fibrations on hyperka¨hler manifolds
A hyperka¨hler manifold is a simply-connected compact Ka¨hler manifold X such that H0(X,Ω2X) is
generated by an everywhere non-degenerate holomorphic 2-form ω. Note that X is automatically of
even dimension (say dimX = 2n). Hyperka¨hler manifolds of dimension 2 are exactly K3 surfaces. The
geometry of hyperka¨hler manifolds is particularly rigid. For instance, Matsushita [Mat99] proved that any
surjective holomorphic morphism f : X → Y with connected fibers and dimY < dimX is a Lagrangian
fibration (see §2.2.3); further, Hwang [Hwa08] proved that if Y is smooth, then Y ' PnC. Nonetheless,
the existence of such Lagrangian fibration is still a long-standing conjecture (this so-called hyperka¨hler
SYZ conjecture is the hyperka¨hler version of the abundance conjecture in birational geometry).
Conjecture (Strominger–Yau–Zaslow & Tyurin–Bogomolov–Hassett–Tschinkel–Huybrechts–Sawon).
Let X be a hyperka¨hler manifold of dimension 2n, and let qX denote its Beauville–Bogomolov–Fujiki
form (BBF form). Suppose D is a nef integral divisor class with qX(D) = 0. Then D is semi-ample and
its complete linear system |D| induces a Lagrangian fibration f : X → PnC.
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The above BBF form qX is a bilinear integral form of signature (3, b2 − 3) on the second integral
cohomology group H2(X,Z). Moreover, if X is projective with Picard number ρ(X), the restriction of
qX on the Ne´ron–Severi group NS(X) := Pic(X)/Pic0(X) is non-degenerate of signature (1, ρ(X)−
1) (cf. [Huy99, Huy03]). Thus, by the Hodge index theorem, the intersection forms of (projective)
hyperka¨hler manifolds and compact Ka¨hler surfaces are both represented by hyperbolic lattices. This
motivates us to generalize some results of surfaces to (projective) hyperka¨hler manifolds.
For a compact Ka¨hler surface S, an automorphism f ∈ Aut(S) being of null entropy has a clear
geometric interpretation. Precisely, if f∗|H1,1(S,C) is not of finite order, then f is of null entropy if and
only if f preserves an elliptic fibration (cf. [Can14, Giz81]; see [DF01] for the birational case). Joint
with JongHae Keum and De-Qi Zhang, we proved a hyperka¨hler analog of this characterization. We used
some deep results due to Bayer–Macrı` [BM14], Markman [Mar14], Matsushita [Mat13] and Yoshioka
[Yos12] concerning the existence of the Lagrangian fibration.
Recall that a hyperka¨hler manifold is of type K3[n] (resp. of type generalized Kummer) if it is
deformation equivalent to S[n] for some K3 surface S (resp. to a generalized Kummer variety).
Theorem 1.2.1 (Theorem 2.1.1). Let X be a 2n-dimensional projective hyperka¨hler manifold of type
K3[n] or of type generalized Kummer. Let G be an infinite subgroup of the group Bir(X) of birational
transformations. Then G is of null entropy if and only if there is an equivariant rational Lagrangian
fibration ϕ : X 99K PnC such that the birational action of G on X descends to a biregular action on PnC,
i.e., there exists a group homomorphism α : G→ Aut(PnC) such that ϕ ◦ g = α(g) ◦ ϕ.
1.3 Periodic subvarieties of a projective variety
Consider a smooth projective variety X of dimension n ≥ 2 and a virtually solvable group G ≤ Aut(X)
of maximal dynamical rank n− 1. My previous work in §1.1 concludes that the null-entropy subgroup
N(G) is virtually contained in Aut0(X), or equivalently, N(G)|NSR(X) is finite, based on which we
may assume G|NSR(X) ' Z⊕n−1 after replacing G by a finite-index subgroup. In this situation, Zhang
[Zha16] proved that if X is not rationally connected and n ≥ 3, then there is a G-equivariant birational
map X 99K Y , where Y is the quotient of some abelian variety A by a finite group F acting on A freely
outside a finite subset of A. For simplicity, we call such quotient variety the quasi-e´tale torus quotient.
Note that rationally connected varieties, together with abelian varieties and Calabi–Yau varieties, are
three building blocks of the dynamics of higher dimensional projective varieties from the viewpoint of
birational geometry (cf. Zhang [Zha09a]). Furthermore, if X has no G-periodic proper subvariety of
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positive dimension and n ≥ 3, then X is also equivariantly birational to a quasi-e´tale torus quotient. Here
a Zariski-closed subset Z of X is G-periodic if a finite-index subgroup of G set-theoretically stabilizes
Z.
In the joint work [HTZ16] with Sheng-Li Tan and De-Qi Zhang, we determined positive-dimensional
G-periodic proper subvarieties of such pair (X,G). If we assume further that X contains a G-periodic
non-uniruled prime divisor D, we obtained a clearer geometric characterization of the pair (X,D). The
main ingredient is to run a G-equivariant MMP developed in [Zha16].
Theorem 1.3.1 (Theorem 4.1.2). Let X be a smooth projective variety of dimension n ≥ 2 and G ≤
Aut(X) a virtually solvable group of maximal dynamical rank n − 1. Then after replacing G by a
finite-index subgroup, the following assertions hold.
(1) The union of all positive-dimensional G-periodic proper subvarieties of X is a Zariski-closed proper
subset of X . Denote the irreducible decomposition of this union by Z1 ∪ Z2 ∪ · · · ∪ Zm.
(2) Either Zk is uniruled, or a finite-index subgroup of G fixes Zk pointwise.
Theorem 1.3.2 (Theorem 4.1.3). Suppose (X,G) as above and X contains a G-periodic non-uniruled
prime divisor D. Then after replacing G by a finite-index subgroup, the following assertions hold.
(1) X is a rationally connected variety.
(2) Every G-periodic prime divisor, other than D, is uniruled.
(3) There is a G-equivariant birational map X 99K Y , which is isomorphic at the generic point of D
with DY ⊂ Y the strict transform of D, such that every positive-dimensional G-periodic proper
subvariety of Y is contained in DY .
1.4 The dimension of automorphism groups of algebraic surfaces
Given an algebraic variety V , Nagata proved that there is a complete algebraic variety V containing V
as a Zariski-dense open subvariety. Then by Hironaka’s resolution theorem, there exists a projective
birational morphism pi : X → V such that X is a smooth projective variety and D = pi−1(V \ V ) is a
reduced effective divisor with only simple normal crossing singularities. Such pair (X,D) is called a log
smooth completion of V . We then define: (i) the logarithmic irregularity q¯(V ) := h0(X,ΩX(logD));
(ii) the logarithmic geometric genus p¯g(V ) := h0(X,KX +D); (iii) the logarithmic Kodaira dimension
κ¯(V ) := κ(X,KX + D), where ΩX(logD) is the logarithmic differential sheaf, hi(−) denotes the
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complex dimension of H i(−) and κ denotes the Iitaka D-dimension. These numerical invariants are
independent of the choice of the log smooth completion (X,D).
A logarithmic Iitaka surface is a smooth algebraic surface V such that the logarithmic Kodaira
dimension κ¯(V ) = 0 and the logarithmic geometric genus p¯g(V ) = 1. If assume further q¯(V ) = 0,
such V is called a logarithmic K3 surface. In [Iit79, Theorem 5], Iitaka provided an upper bound
of the dimension of automorphism groups of logarithmic Iitaka surfaces. However, his proof seems
incomplete and depends heavily on his classification of logarithmic Iitaka surfaces and logarithmic K3
surfaces. Recently, I generalized this result, in some sense, to any algebraic surfaces of logarithmic
Kodaira dimension 0 and gave a different classification-free proof. Recall that a semi-abelian variety
G is a connected algebraic group such that kernel of the Albanese morphism albG : G→ Alb(G) is an
algebraic torus Gdm.
Theorem 1.4.1 (Theorem 5.1.2). Let (X,D) be a log smooth surface pair with V := X \D such that
κ¯(V ) = 0. Let Aut0(X,D) be the identity connected component of Aut(X,D) := {g ∈ Aut(X) :
g(D) = D}. Then Aut0(X,D) is a semi-abelian variety of dimension at most q¯(V ).
1.5 Future work
1.5.1 Tits alternative for groups of birational transformations
As we have seen in §1.1, Zhang [Zha09b] proved that the automorphism group of a compact Ka¨hler
manifold satisfies the Tits alternative. Besides, it is known that many other interesting groups also satisfy
the Tits alternative including the mapping class group of a compact oriented Riemann surface by Ivanov
[Iva84] and McCarthy [McC85], and the outer automorphism group of a finitely generated free group by
Bestvina–Feighn–Handel [BFH00]. Next, it is quite natural to ask whether the Tits alternative holds for
the group of birational transformations of a projective variety (or a compact Ka¨hler manifold).
Question 1.5.1. Let X be a projective variety of dimension n ≥ 2 defined over some field k and Bir(X)
the group of birational transformations of X . Does Bir(X) satisfy the Tits alternative?
It should be mentioned that the crucial case is the n-dimensional projective space Pnk. In particular,
Bir(Pnk) is also called the Cremona group Crn(k) of rank n, which is algebraically defined as the group
of all k-automorphisms of the field k(x1, x2, . . . , xn) of rational functions in n independent variables
over k. We may also ask the following question.
Question 1.5.2. Does the Cremona group Crn(k) satisfy the Tits alternative?
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When n = 2, see Cantat [Can11] for related results on Cr2(k). Note, however, that the definition
of the Tits alternative in [Can11] is slightly different with mine. There the subgroup G is required to be
finitely generated. But anyhow, it seems that the above two questions are wide open for n ≥ 3. Hence
we may strengthen the condition by considering the so-called pseudo-automorphism group PsAut(X),
which is a proper subgroup of Bir(X). Here a birational map f : X 99K X of a projective variety X is
called a pseudo-automorphism if both f and f−1 don’t contract any divisor (i.e., f is an isomorphism in
codimension 1).
Question 1.5.3. Does PsAut(X) satisfy the Tits alternative?
1.5.2 Equivariant fibrations on hyperka¨hler manifolds
Inspired by [Can14, DF01, Giz81], for a 2n-dimensional projective hyperka¨hler manifold of type K3[n]
or of type generalized Kummer, we already have a criterion for the existence of equivariant fibrations
from a dynamical viewpoint (see Theorem 1.2.1). Can we relax the constraint for the type of hyperka¨hler
manifolds?
Question 1.5.4. Let X be a (projective) hyperka¨hler manifold. Let G be an infinite subgroup of Bir(X).
Are the following two assertions equivalent?
• G is of null entropy.
• There is a non-trivial G-equivariant rational fibration φ : X 99K Y .
1.5.3 The dimension of automorphism groups of algebraic varieties
In Theorem 1.4.1, I can prove that Aut0(X,D) is a semi-abelian variety for higher dimensional algebraic
variety V with logarithmic Kodaira dimension vanishing. Can we still get the same bound q¯ of the
dimension?
Question 1.5.5. Let (X,D) be a log smooth pair of dimension n ≥ 3 with V := X \ D such that
κ¯(V ) = 0. Let Aut0(X,D) denote the identity connected component of the algebraic group Aut(X,D).
Then Aut0(X,D) is a semi-abelian variety of dimension at most q¯(V )?
We may strengthen the condition on (X,D) to that it is of log Calabi-Yau type, i.e., KX +D ∼ 0.
Note that dim Aut0(X,D) = h0(X,ΘX(− logD)), where ΘX(− logD) is the dual of the logarithmic
differential sheaf ΩX(logD). Hence,
h0(X,ΘX(− logD)) = h0(X, (ΩX(logD))∨) = h0(X,Ωn−1X (logD)).
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Therefore, Question 1.5.5 would be reduced to the following pure cohomological inequality.
Question 1.5.6. Let (X,D) be a log smooth Calabi-Yau pair of dimension n ≥ 3. Then do we have
h0(X,Ωn−1X (logD)) ≤ h0(X,ΩX(logD))?
1.5.4 Preperiodic subvarieties and density problems
The conjecture below was raised by Medvedev–Scanlon [MS14, Conjecture 7.14] (motivated by a
conjecture of Zhang [Zha06, Conjecture 4.1.6] for polarized endomorphisms of projective varieties). Here
an endomorphism ϕ on X is polarized if ϕ∗L ' L⊗q for some ample line bundle L→ X and an integer
q ≥ 2. When the base field k is uncountable, this conjecture was proved by Amerik–Campana [AC08,
The´ore`me 4.1]. However, the conjecture is largely open even when k = Q. Some partial results were
also obtained by Amerik–Bogomolov–Rovinsky [ABR11, Corollary 2.7], Bell–Ghioca–Tucker [BGT15,
Theorem 1.3], Ghioca–Scanlon [GS17, Theorem 1.2], Medvedev–Scanlon [MS14, Theorem 7.16], and
Xie [Xie15, Theorem 1.3].
Conjecture (Existence of Zariski Dense Orbits). Let k be an algebraically closed field of characteristic
0, X an algebraic variety defined over k, and ϕ : X 99K X a dominant rational self-map. Suppose that
there exists no positive dimensional algebraic variety Y and dominant rational map f : X 99K Y such
that f ◦ ϕ = f . Then there exists a closed point p ∈ X(k) whose forward orbit set {ϕn(p) : n ≥ 0} is
Zariski dense in X(k).
The original dynamical Manin–Mumford conjecture proposed by Zhang [Zha06] was recently
disproved by Ghioca–Tucker–Zhang [GTZ11], who gave a reformulation as follows. Recall that a
subvariety Y of a projective variety X with endomorphism ϕ is said to be ϕ-preperiodic if there exist
positive integers k and m such that ϕk+m(Y ) = ϕm(Y ). The set of all ϕ-preperiodic points of X is
denoted by Prepϕ(X).
Conjecture ([GTZ11, Conjecture 2.4]). Let ϕ : X → X be a polarized endomorphism of a complex
projective variety X and Y a subvariety of X which has no component included in the singular part
of X . Then Y is ϕ-preperiodic if and only if there exists a Zariski dense subset of smooth points
x ∈ Y ∩ Prepϕ(X) such that the tangent subspace of Y at x is preperiodic under the induced action of
ϕ on the Grassmanian GrdimY (TX,x). (Here, TX,x denotes the tangent space of X at the point x.)
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Chapter 2
Criteria for the existence of equivariant fibrations
on hyperka¨hler manifolds
2.1 Introduction
We work over the field C of complex numbers. Let X be a smooth projective variety or a compact Ka¨hler
manifold of dimension n. For a subgroup G of the automorphism group Aut(X) of X and a G-invariant
subgroup V of some cohomology group of X , we denote the induced action of G on V by G|V . For
example, the natural pull-back action of Aut(X) on H∗(X,C) is denoted by Aut(X)|H∗(X,C). For an
automorphism g ∈ Aut(X), let
ρ(g) = ρ(g∗) := max
{





be the spectral radius of the pull-back action g∗ on the total cohomology ring of X . We define the
(topological) entropy as h(g) := log ρ(g). By the fundamental work of Gromov and Yomdim, the above
definition is equivalent to the original dynamical definition of entropy (cf. [Gro03], [Yom87]). The i-th
dynamical degree di(g) of g is defined as the spectral radius of the pull-back action g∗ on the Dolbeault
cohomology group H i,i(X,C) (see §2.2.1).
An element g ∈ Aut(X) is of null entropy (resp. positive entropy) , if its entropy h(g) = 0 (resp.
> 0). For a subgroup G of Aut(X), we define the null-entropy subset of G as
N(G) := {g ∈ G : g is of null entropy, i.e., h(g) = 0}.
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In general, N(G) may not be a subgroup of G. A group G ≤ Aut(X) is of null entropy if every g ∈ G
is of null entropy, i.e., G = N(G).




and h(g) > 0 if and only if di(g) > 1 for some (or equivalently for all) i ∈ {1, . . . , n− 1}; especially
h(g) > 0 if and only if d1(g) > 1. When X is projective, d1(g) = ρ(g∗|NSC(X)) (see Lemma 4.2.3),
where NS(X) is the Ne´ron–Severi group ofX and NSC(X) := NS(X)⊗ZC is a subspace ofH1,1(X,C)
by looking at the exponential sheaf sequence (cf. [GH78, p. 37] or [Har77, Appendix B, §5]). In particular,
for an automorphism g of a projective surface X , we have
ρ(g) = d1(g) = ρ(g
∗|NSC(X)),
see [DS04] and the references therein.
By the classification of surfaces, a compact complex surface S has an automorphism of positive
entropy only if S is bimeromorphic to a rational surface, a K3 surface, an Enriques surface or a complex
torus (cf. [Can99]).
Let X be a hyperka¨hler manifold. Owing to Beauville, Bogomolov and Fujiki, there exists a natural
bilinear (primitive) integral form qX of signature (3, b2 − 3) on the second integral cohomology group
H2(X,Z). Moreover, if X is projective, then the restriction of qX on the Ne´ron–Severi group NS(X) is
non-degenerate of signature (1, ρ(X)− 1), where ρ(X) is the Picard number of X (cf. [Huy99]).
Hence algebraic surfaces and projective hyperka¨hler manifolds are very similar when we focus on
their intersection forms: these forms are both represented by hyperbolic lattices.
Below is a hyperka¨hler analogue of Theorem 2.4.1 for surfaces. It uses the deep results due to
Bayer–Macrı`, Markman, Matsushita and Yoshioka (cf. [BM14], [Mar14], [Mat13] and [Yos12]). Recall
that a hyperka¨hler manifold is of type K3[n] (resp. of type generalized Kummer) if it is deformation
equivalent to S[n] for some K3 surface S (resp. to a generalized Kummer variety K [n](T ) for some
abelian surface T ); see details from the above references. Since a bimeromorphic map g on a hyperka¨hler
manifoldX (or more generally a birational map on a minimal projective terminal variety) is isomorphic in
codimension 1 (cf. [Huy03]), it induces an isomorphism on NS(X). So we can define its first dynamical
degree as d1(g) := ρ(g∗|NSC(X)). We say g (resp. G) is of null entropy if d1(g) = 1 (resp. d1(g) = 1
for every g ∈ G).
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Theorem 2.1.1 ([HKZ15, Theorem 1.1]). Let X be a 2n-dimensional projective hyperka¨hler manifold
of type K3[n] or of type generalized Kummer. Let G be an infinite subgroup of Bir(X). Then G is of null
entropy if and only if there is a rational Lagrangian fibration (see §2.2.3) φ : X 99K PnC such that the











where g is an element of G and α is a group homomorphism from G to Aut(PnC).
A birational map g ∈ Bir(X), which is isomorphic in codimension 1, is said to be polarized by a
divisor D if g∗D ≡ λD (numerical equivalence) for some λ > 0.
Our next result is a hyperka¨hler analogue of Theorem 2.4.3 for surfaces. See Remark 2.4.4 for the
converse of Theorem 2.1.2.
Theorem 2.1.2. Let X be a projective hyperka¨hler manifold. Assume D is a numerically non-zero
R-divisor such that qX(D) ≥ 0 for the Beauville–Bogomolov–Fujiki quadratic form qX (this holds when
D is movable or nef). Assume further that gi ∈ Bir(X) (i = 1, 2) are of positive entropy and polarized
by D. Then gt11 = g
t2
2 holds in Bir(X) for some ti ∈ Z \ {0}.
The first assertion below is due to [Ogu07, Theorem 2.1 (2) and Proposition 2.9]. Recall that a group
G is called virtually solvable (resp. virtually unipotent, virtually abelian, . . . ), if a finite-index subgroup
of G is solvable (resp. unipotent, abelian, . . . ). Note that (virtually) unipotent groups are defined only
for linear algebraic groups. A group G is called almost infinite cyclic, if a finite-index subgroup of G is
an infinite cyclic group.
Proposition 2.1.3. Let X be a smooth projective surface and let G ≤ Aut(X) be a group such that the
induced action G|NS(X) is an infinite group, and G is of null entropy. Then G|NS(X) is virtually abelian
of rank s ≤ ρ(X)− 2. Further, s ≤ 18, unless X has Kodaira dimension κ(X) = 1.
Remark 2.1.4. For a projective hyperka¨hler manifold X the same proof in [Ogu07] implies the first
assertion in Proposition 2.1.3. Further,
s ≤ ρ(X)− 2 ≤ dimCH1,1(X,C)− 2 ≤ b2(X)− 4,
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with b2(X) the second Betti number of X . For a hyperka¨hler manifold X of dimension 4, it is known
that b2(X) ∈ {3, . . . , 8, 23} (cf. [Gua01, Main Theorem]).
We refer the reader to [Can11], [Can14], [DF01], [Fav10] and [Ogu16] for hard and deep results on
birational actions on complex surfaces which are related to Theorem 2.4.1.
2.2 Preliminary results
Let X be a smooth projective variety (resp. a compact Ka¨hler manifold). The Ne´ron–Severi group NS(X)
is defined as the group of line bundles modulo algebraic equivalence. Denote its rank by ρ(X), which is
also called the Picard number of X . The Ne´ron–Severi space NSR(X) := NS(X)⊗Z R is the vector
space of numerical equivalence classes of R-divisors.
Denote the group of all automorphisms (resp. biholomorphisms) of X by Aut(X). Denote the group
of all birational maps (resp. bimeromorphisms) of X by Bir(X). By Aut0(X) we mean the identity
connected component of Aut(X).
2.2.1 Cohomology groups and Hodge docomposition
Given a complex manifold X , there are two natural cohomology groups in complex geometry (see [GH78,
p. 23–25]). One is the de Rham cohomology group (which can be defined on any differentiable manifold).
Let Ak(X,R) denote the space of differential k-forms. Then we have a differential operator so-called
exterior derivative dk : Ak(X,R)→ Ak+1(X,R) which makes (A•(X,R), d•) being a complex. We
then define the de Rham cohomology group (with real coefficients) as
Hk(X,R) := Hk(A•(X,R), d•) = Ker dk/ Im dk−1.
Similarly, one can define Hk(X,C) and it turns out to be isomorphic with Hk(X,R)⊗R C.
The second one is the Dolbeault cohomology group which uses the complex structure. More precisely,
it is defined by the Dolbeault double complex (A•,•(X), ∂¯) as follows. Let
A1(X,C) = A1,0(X)⊕A0,1(X)








Ap,q(X) := ∧p(A1,0(X))⊗ ∧q(A0,1(X)).
It is not hard to decompose the exterior derivative d as ∂ + ∂¯, where
∂ : Ap,q(X)→ Ap+1,q(X),
∂¯ : Ap,q(X)→ Ap,q+1(X).
Finally, we define the Dolbeault cohomology group to be
Hp,q(X,C) := Hq(Ap,•, ∂¯) =
Ker(∂¯ : Ap,q(X)→ Ap,q+1(X))
Im(∂¯ : Ap,q−1(X)→ Ap,q(X)) .
Also, the Dolbeault cohomology group Hp,q(X,C) is isomorphic to the sheaf cohomology group
Hq(X,ΩpX), where Ω
p
X := ∧pΩX denotes the sheaf of holomorphic p-forms on X (cf. [GH78, Dolbeault
Theorem, p. 45]).
Let X be a compact Ka¨hler manifold of dimension n. For any 0 ≤ k ≤ 2n, we have the following





The Hodge number hp,q(X) is defined as the complex dimension of the complex vector spaceHp,q(X,C).
2.2.2 Ka¨hler cone, nef cone and movable cone
Let X be a compact Ka¨hler manifold. Set H1,1(X,R) := H1,1(X,C) ∩H2(X,R). The Ka¨hler cone
K(X) ⊆ H1,1(X,R) is the open convex cone of all Ka¨hler classes on X . The closure of the Ka¨hler cone
K(X) in H1,1(X,R) is denoted by K(X). The nef cone is defined as Nef(X) := K(X)∩NSR(X). An
element D in Nef(X) is called nef.
A divisor D in NS(X) is movable if the linear system |D| has no fixed component, i.e., the base locus
of this linear system has codimension at least 2. The closure of all movable divisor classes in NSR(X) is
called the movable cone of X and denoted as Mov(X). It is known that
Nef(X) ⊆ Mov(X) ⊆ Eff(X),
where the pseudo-effective cone Eff(X) of X is the closure of all effective divisor classes in NSR(X).
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2.2.3 Rational Lagrangian fibrations on hyperka¨hler manifolds
A hyperka¨hler manifold is a simply connected compact Ka¨hler manifold X such that H0(X,Ω2X) is
generated by an everywhere non-degenerate holomorphic 2-form ω. Note that X is automatically of even
dimension (say dimX = 2n). A surjective (holo)morphism φ : X → S to a normal variety S is said to
be a Lagrangian fibration if a general fibre is connected and Lagrangian (i.e., the dimension of this fibre
is n and the restriction of the holomorphic 2-form ω to this fibre is trivial). A dominant meromorphic
map φ : X 99K S to a normal variety S is said to be a rational Lagrangian fibration if there exists a
bimeromorphic map τ : X 99K X ′ to another hyperka¨hler manifold X ′ (which is necessarily isomorphic
in codimension 1) such that the composite map φ ◦ τ−1 : X ′ → S is a Lagrangian fibration. Thus φ∗ is
well defined on the Ne´ron–Severi group NS(S) of S.
2.2.4 Positive cone and birational Ka¨hler cone
Let X be a compact hyperka¨hler manifold. The positive cone C(X) in H1,1(X,R) is the connected
component of the open cone
{α ∈ H1,1(X,R) : qX(α) > 0}
that contains the Ka¨hler cone K(X), where qX is the Beauville–Bogomolov–Fujiki quadratic form. The
closure of C(X) in H1,1(X,R) is denoted by C(X).
If f : X ′ 99K X is a bimeromorphic map between two hyperka¨hler manifolds, then it is isomorphic
in codimension 1. Hence the pull-back of f is well defined on H2(X,C) and compatible with its Hodge
structure, the Beauville–Bogomolov–Fujiki quadratic form qX and the birational Ka¨hler cone BK(X) (cf.





where τ : X 99K X ′ runs through all bimeromorphic maps from X to another hyperka¨hler manifold X ′.
Note that BK(X) is in general not a cone in C(X), but its closure BK(X) in H1,1(X,R) is a closed
convex cone contained in C(X).
There is a geometric characterization of the birational Ka¨hler cone, which states that α ∈ BK(X)
if and only if α ∈ C(X) and qX(α, [D]) ≥ 0 for all uniruled1 prime divisors D ⊂ X (cf. [Huy03,
1A variety V of dimension d is uniruled, if there exists a dominant rational map P1 ×W 99K V for some variety W of
dimension d− 1. Note that being uniruled is a birational property.
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Proposition 28.7]). Furthermore, we have
Mov(X) = BK(X) ∩NSR(X).
2.2.5 Supplemental results
The following two lemmas on group theory are useful in the future.
Lemma 2.2.1. (1) Let G be a group, H C G a finite normal subgroup and g1, g2 ∈ G. Suppose that
g¯1 = g¯2 in G/H . Then there exists a positive integer s such that gs1 = g
s
2.
(2) A group G is almost infinite cyclic if and only if there is a finite-index subgroup G1 of G such that
G1/G2 is infinite cyclic for some finite G2 CG1.
Proof. For part (1), by the assumption, gn1 g
−n
2 ∈ H for all n ∈ Z. Since H is finite, there exist m < n










2 for s := n−m.
Part (2) is easy; see [CWZ14, Lemma 2.4].
Note that the lemma below or [CWZ14, Lemma 2.7] has been generalized in [Din12, Lemma 5.5]
without assuming G to be a subgroup of an algebraic group. But the following simple form with simple
proof as in [CWZ14, Lemma 2.7] is enough for us.
Lemma 2.2.2. Let G be a subgroup of an algebraic group Gˆ (which is an extension of an abelian variety
by a linear algebraic group). Consider the exact sequence
1→ N → G→ Q→ 1.
Suppose that both N and Q are virtually solvable. Then so is G.
Proof. This is implicitly proved in [CWZ14, Lemma 2.7]. We just use the fact that the Zariski closure of
N in Gˆ has only finitely many connected components. Then the same argument in [CWZ14] gives the
proof.
At the end of this section, we quote the following lemmas which will be used later.
Lemma 2.2.3 (cf. [Fuj78, Theorem 4.8], or [Lie78, Proposition 2.2]). Let X be a smooth projective
variety (resp. a compact Ka¨hler manifold), and L := NS(X)/(torsion) (resp. H2(X,Z)/(torsion)).
Then a group G ≤ Aut(X) has finite induced action G|L if and only if the index
∣∣∣G : G ∩Aut0(X)∣∣∣ is
finite.
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Lemma 2.2.4 (cf. [Ogu08, Corollary 2.7], or [Huy99, §9]). Let X be a projective hyperka¨hler manifold
and let G ≤ Bir(X). Then the homomorphism rNS : G→ O(L) (cf. §2.3.1), g 7→ g∗|L has finite kernel,
where L := NS(X).
Lemma 2.2.5 (cf. [FZ13, Application 1.4]). Let X be a compact Ka¨hler surface with first Betti number
b1(X) = 0. Suppose that Aut0(X) 6= 1. Then
∣∣∣Aut(X) : Aut0(X)∣∣∣ < ∞ and X is projective. In
particular, Aut(X) is of null entropy.
2.3 Automorphisms of hyperbolic lattices and applications
2.3.1 Hyperbolic lattices and their symmetries
By a lattice L, we mean a free abelian group L ∼= Z⊕r admitting a non-degenerate symmetric bilinear
form L× L→ Z, denoted as ( · , · ). The signature of L is defined as the signature of LR := L⊗Z R.
The lattice L is called hyperbolic if the signature of L is (1, r − 1).
The positive cone C(LR) is one of the two connected components of
{x ∈ LR : (x, x) > 0}.
Denote the boundary (resp. closure) of C(LR) by ∂C(LR) (resp. C(LR)). Note that there is no ambiguity
when applied to surfaces or hyperka¨hler manifolds. In fact, the positive cone is always chosen by us so
that it contains an ample class or a Ka¨hler class.
We denote the group of isometries of L by
O(L) := {g ∈ Aut(L) : (gx, gy) = (x, y), ∀x, y ∈ L}.
The subgroup O(L)′ of O(L) which preserves the positive cone has index two.
Remark 2.3.1. When X is a smooth projective surface (resp. a projective hyperka¨hler manifold),
the intersection form (resp. the Beauville–Bogomolov–Fujiki quadratic form qX ) on X gives a non-
degenerate symmetric bilinear form on the lattice L := NS(X)/(torsion) (resp. L := NS(X); note that
the Ne´ron–Severi group is torsion-free since X is simply connected). In either case, L is a hyperbolic
lattice of signature (1, ρ(X)− 1) (cf. [Huy03, Proposition 26.13]). We call the above L the Ne´ron–Severi
lattice of X .
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2.3.2 Spectral radius and entropy
Let k = Z or a subfield of C, V a finite k-module, and ϕ : V → V a k-linear endomorphism. Set
VC := V ⊗k C. Use the same ϕ to denote its extension to a C-linear endomorphism ϕ : VC → VC.
Define the spectral radius of ϕ as follows
ρ(ϕ) := max{|λ| : λ ∈ C is an eigenvalue of ϕ : VC → VC}.
Define the entropy of ϕ as h(ϕ) := log ρ(ϕ).
Let G ≤ O(L) for some lattice L. We define the null-entropy subset of G as
N(G) := {g ∈ G : g is of null entropy, i.e., h(g) = 0, or equivalently ρ(g) = 1}.
The following generalized Perron–Frobenius theorem is due to Birkhoff.
Lemma 2.3.2 (cf. [Bir67]). Let C be a strictly (i.e., salient) convex closed cone of a finite-dimensional
R-vector space V such that C spans V as a vector space. Let g : V → V be a R-linear endomorphism
such that g(C) ⊆ C. Then the spectral radius ρ(g) is an eigenvalue of g and there is an eigenvector
vg ∈ C corresponding to the eigenvalue ρ(g).
2.3.3 Some general results on automorphisms of hyperbolic lattices
We now prepare some general results on O(L) for a hyperbolic lattice L.
Lemma 2.3.3 (cf. [Rat06, Chapter 5], or [Ogu07, Proposition 2.2]). Let L be a hyperbolic lattice.
Suppose that G ≤ O(L)′ is of null entropy. Then G contains U as a finite-index normal subgroup, where
U = U(G) := {g ∈ G : g is unipotent as an element in GL(LC)}.
Proof. This is implicitly proved in [Ogu07, Proposition 2.2]. Indeed, by [Ogu07, Lemma 2.5], U is a
subgroup of (and hence normal in) G. Replacing G by a finite-index subgroup, we may assume that the
Zariski closure of G in GL(LC) is connected. Now the quotient group G/U can be embedded into an
algebraic torus (and hence in some general linear group) and every element of it is of finite order (bounded
by a constant depending only on rank(L)) by Kronecker’s theorem. Note also that every subgroup of a
general linear group over C with bounded exponent is a finite group by the classical Burnside’s theorem
(see [Bur05]). Hence |G : U | <∞ as required.
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The result below follows from the classification of elliptic, parabolic or loxodromic elements; see for
instance, [Can14], or the proof of [Zha08, Lemma 2.12].
Lemma 2.3.4 (cf. [Can14], or proof of [Zha08, Lemma 2.12]). Let L be a hyperbolic lattice with C(LR)
the positive cone. Let g ∈ O(L)′ such that g(v) = λv for some 0 6= v ∈ C(LR).
(1) If λ = 1, then g is of null entropy.
(2) If λ > 1 (resp. < 1), then g is of positive entropy, v is parallel to the vg (resp. vg−1) in Lemma 2.3.2
and ρ(g) = λ (resp. ρ(g−1) = λ−1).
(3) Suppose that λ 6= 1. Then ρ(g) is a Salem number2 or a quadratic integer (and hence an irrational
algebraic integer), the vg in Lemma 2.3.2 in the current case is unique up to a scalar, and ρ(g) =
ρ(g−1).
Proof. For the assertions (1) and (2), the proof is similar to [Zha08, Lemma 2.12]. We only have
to consider the case where g is of positive entropy. Hence g−1 is also of positive entropy, because
det(g) = ±1 and g is defined over the integral lattice L. By Lemma 2.3.2, there are non-zero eigenvectors
vg±1 ∈ C(LR) such that
g±1(vg±1) = ρ(g±1)vg±1 .
It suffices to show the claim that v is parallel to one of vg±1 . Suppose the contrary that this claim is not
true. The hyperbolicity of L and the Hodge index type theorem imply that
0 < (v, vg) = (g(v), g(vg)) = λρ(g)(v, vg).
Hence λ = 1/ρ(g) < 1. By the same reasoning,
0 < (v, vg−1) = (g
−1(v), g−1(vg−1)) = λ−1ρ(g−1)(v, vg−1).
Hence λ = ρ(g−1) > 1, contradicting the previous outcome. Thus the claim is true. Hence the assertions
(1) and (2) are true.
For the assertion (3), ρ(g) is a Salem number by [Ogu06, Proposition 2.5]. Hence ρ(g) = ρ(g−1).
The uniqueness follows from the above argument for assertion (2).
2A Salem number is a real algebraic integer θ > 1 such that all other Galois conjugates of θ lie inside the closed unit disc
|z| ≤ 1, with at least one lying on the boundary.
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Lemma 2.3.5 (cf. [Rat06, §5.5] or [Ogu07, Theorem 2.1]). Let L be a hyperbolic lattice and let
G ≤ O(L)′. Suppose that G is of null entropy and G is an infinite group. Then we have:
(1) There is a unique (up to scalars) non-zero v ∈ C(LR) such that g(v) = v for all g ∈ G. Moreover,
(v, v) = 0 and v can be taken to be in the integral lattice L.
(2) Suppose that W is a non-trivial G-invariant closed subcone of C(LR). Then v belongs to W .
(3) If L = NS(X)/(torsion) (resp. NS(X)) for some smooth projective surface (resp. projective
hyperka¨hler manifold) X and the above G equals H|L for some group H ≤ Aut(X), then v is a nef
divisor class.
(4) If L = NS(X) for some projective hyperka¨hler manifold X and the above G equals H|L for some
group H ≤ Bir(X), then v belongs to the movable cone Mov(X).
Proof. Part (1) is contained in [Rat06, §5.5] or [Ogu07]. Indeed, [Ogu07, Lemma 2.8] implies the claim
that there is no v ∈ LQ such that (v, v) > 0 and g(v) = v for all g ∈ G. There is also no such v in
LR. Indeed, as noticed in [Ogu07], the eigenspace V (g, 1) of eigenvalue 1 is defined over Q, hence the
intersection ∩g∈G V (g, 1) is also defined over Q. Thus the existence of such v in LR (and the density of
Q in R) would imply the same for a v in LQ, contradicting the claim. By the claim above and [Ogu07,
Lemma 2.8] there indeed exists a unique non-zero ray R>0 v ⊆ C(LR) such that g(v) = v for all g ∈ G;
further (v, v) = 0 and v can be taken to be in L.
Parts (3) and (4) are consequences of part (2) applied to the nef cone Nef(X) and the movable cone
Mov(X), respectively. We also note that a bimeromorphic map of a hyperka¨hler manifold X is an
isomorphism in codimension 1, hence induces an isomorphism of NS(X) and preserves the movable
cone Mov(X).
For part (2), note that G is virtually unipotent and hence virtually solvable (cf. [Ogu07, Proof of
Theorem 2.1] or [CWZ14, Proof of Theorem 2.2]). Thus G1(v′) ⊆ R>0v′ for some non-zero element
v′ ∈ W and a finite-index subgroup G1 of G, by the cone theorem of Lie–Kolchin type (cf. [KOZ09,
Theorem 1.1]). By Lemma 2.3.4 and the assumption G = N(G), we have G1(v′) = v′. Now apply the
uniqueness property in part (1) to G1, we conclude that v ∈ R>0v′ ⊆W . This proves part (2) and the
whole lemma.
Lemma 2.3.6. Let L be a hyperbolic lattice and let G ≤ O(L)′. Suppose that the null-entropy subset
N(G) is a subgroup of (and hence normal in) G and G 6= N(G). Then N(G) is finite.
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Proof. Suppose the contrary that |N(G)| = ∞. By Lemma 2.3.5 or [Ogu07, Lemma 2.8], there is a
non-zero v ∈ ∂C(LR) such that h(v) = v for any h ∈ N(G). Further, the ray R>0v ⊆ ∂C(LR) is
unique and defined over Z. Now for any g ∈ G and h ∈ N(G), we must have h(g(v)) = g(v) since
N(G) C G. Thus g(v) = rgv for some rg ∈ R>0 by the uniqueness of the above ray. Moreover, rg
must be rational since v is in the integral lattice L. Take one g ∈ G which is of positive entropy. Since
g(v) = rgv, we have rg = ρ(g)±1 by Lemma 2.3.4. But ρ(g) is a Salem number or a quadratic integer
and hence is irrational, contradicting the rationality of rg. Hence N(G) is finite.
The result below is contained in [Rat06, Theorems 5.5.9 - 5.5.10]. See also [Can14, Theorem 3.2] or
[Zha08, Theorem 3.1] for NS(X) of a surface X .
Lemma 2.3.7 (cf. [Rat06, Theorems 5.5.9 - 5.5.10]). Let L be a hyperbolic lattice and let G ≤ O(L)′.
Then the following are equivalent:
(1) G is virtually solvable.
(2) Replacing G by a finite-index subgroup, there is a real vector v ∈ C(LR) \ {0} such that G(v) ⊆
R>0v.
(3) Replacing G by a finite-index subgroup, we have N(G) C G and G/N(G) ∼= Z⊕r for some
nonnegative integer r ≤ 1.
Proof. (1) =⇒ (2) Replacing G by a finite-index subgroup, we may assume that the Zariski closure of
G|LC in GL(LC) is connected. Then the assertion (2) is just a consequence of Theorem of Lie–Kolchin
type for a cone (cf. [KOZ09, Corollary 2.3]).
(2) =⇒ (3) Replacing G, we may assume that there exists a λg ∈ R>0 such that g(v) = λgv for any
g ∈ G . Define a group homomorphism
φ : G→ (R,+), g 7→ log λg.
Now the assertion (3) follows from the two claims below.
Claim. Kerφ = N(G) = {g ∈ G : ρ(g) = 1}. In particular, N(G)CG.
Proof. Clearly, N(G) ⊆ Kerφ. Conversely, suppose g ∈ Kerφ. Then g(v) = v. Hence g is of null
entropy, i.e., g ∈ N(G), by Lemma 2.3.4.
Claim. φ(G) is discrete in the additive group R, hence φ(G) = 0 or Z.
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Proof. It suffices to show that 0 is an isolated point in φ(G). For any fixed positive real number δ,
consider the set
Gδ := {g ∈ G : | log λg| < δ}.
For any g ∈ Gδ, λ±1g is bounded by eδ. If g ∈ N(G), then λg = 1. Suppose that g is of positive entropy.
Then λg 6= 1 and ρ(g) = λ±1g (cf. Lemma 2.3.4). The minimal polynomial of g is a Salem polynomial
with two real roots ρ(g)±1 and other roots on the unit circle (cf. [Ogu06, Proposition 2.5], [Zha08,
Lemma 2.7]). Hence the coefficients of these minimal polynomials are all bounded. Note that these
minimal polynomials are defined over Z with degree bounded by rank(L). So there are only finitely
many such minimal polynomials for all g ∈ Gδ. Therefore, the set of all eigenvalues (especially λg) of
such g ∈ Gδ is finite. Thus 0 is an isolated point in φ(G).
(3) =⇒ (1) Replacing G, we may assume that G/N(G) is cyclic and hence solvable. N(G) is
virtually unipotent by Lemma 2.3.3 and hence virtually solvable. Thus G, regarded as a subgroup of
GL(LC) is virtually solvable, by Lemma 2.2.2. So the assertion (1) is true.
Corollary 2.3.8. Assume one of the equivalent conditions in Lemma 2.3.7 holds and further that G 6=
N(G). Then replacing G by a finite-index subgroup, we have N(G) is finite and G is almost infinite
cyclic.
Proof. By the assumption and Lemma 2.3.7, we may assume that G/N(G) ∼= Z after replacing G. Since
G 6= N(G), our N(G) is finite by Lemma 2.3.6. Hence G is almost infinite cyclic; see Lemma 2.2.1.
The following result is a direct consequence of [Rat06]. And it is the lattice-theoretical counterpart of
the result on surfaces or hyperka¨hler manifolds we will state later on.
Proposition 2.3.9 (cf. [Rat06, Theorem 5.5.8]). Let L be a hyperbolic lattice and let g1, g2 ∈ O(L)′.
Suppose that both gi are of positive entropy, and there is a non-zero element v ∈ C(LR), such that
gi(v) = λiv for some real numbers λi > 0. Then gt11 = g
t2
2 for some ti ∈ Z \ {0}.
Proof. This follows from [Rat06, Theorem 5.5.8]. We prove it for the convenience of readers. Let
G = 〈g1, g2〉. Then G has a common real eigenvector v ∈ C(LR) \ {0} and G 6= N(G). Applying
Lemma 2.3.7 and replacing G by a finite-index subgroup, we have
pi : G→ G/N(G) ∼= Z.
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Further, N(G) is finite by Lemma 2.3.6. Thus pi(gn11 ) = pi(g
n2
2 ) for some n1, n2 ∈ Z \ {0}. Now the
proposition follows from Lemma 2.2.1.
2.3.4 Consequences on automorphisms of surfaces and hyperka¨hler manifolds
Now we apply the above results on hyperbolic lattice to the Ne´ron–Severi lattice (see Remark 2.3.1) of a
projective surface or a hyperka¨hler manifold.
Proposition 2.3.10. Let X be a smooth projective surface and G ≤ Aut(X). Suppose the null-entropy
subset N(G) is a proper subgroup of (and hence normal in) G. Then we have:
(1) N(G)|NS(X) is a finite group.
(2) Suppose that |N(G)| =∞. Then X is an abelian surface,
H := N(G) ∩Aut0(X) = G ∩Aut0(X)
is Zariski-dense in Aut0(X) (∼= X) and the index |N(G) : H| <∞.
Proof. Set L := NS(X)/(torsion). Replacing G by a suitable finite-index subgroup, we may assume
that the Zariski closure of G|LC in GL(LC) is connected. Note that N(G) is the inverse of N(G|L) via
the natural homomorphism G→ G|L ≤ O(L)′, and N(G)|L = N(G|L). Part (1) follows directly from
Lemma 2.3.6.
For part (2), suppose that N(G) is infinite (but N(G)|L is finite by part (1)). Then the Kodaira
dimension κ(X) ≤ 1, since the automorphism group of a variety of general type is finite. Also
H := N(G) ∩Aut0(X) is equal to G ∩Aut0(X) and has finite-index in N(G), by Lemma 2.2.3. Thus
Aut0(X) 6= 1, so X is neither birational to a K3 surface nor to an Enriques surface. Since G 6= N(G),
our X is not a rational surface by Lemma 2.2.5.
The assumption G 6= N(G) and Lemma 2.3.4 or [Zha08, Lemma 2.12] imply that no fibration on X
is equivariant under the action of G or its finite-index subgroup, and hence X is birational to an abelian
surface. (You may also appeal to Cantat’s classification of surfaces with at least one automorphism of
positive entropy; see [Can99].)
Let G0 be the Zariski closure of H in Aut0(X). Then G0 is normalized by G. Thus X is dominated
by G0, by the proof of [Zha09b, Lemma 2.14] and since X and hence its G-equivariant blowup have no
non-trivial G-equivariant fibration. Note that the Albanese map albX : X → A := Alb(X) is surjective,
birational and necessarily Aut(X)-equivalent (cf. [Kaw81, Theorem 24 and Corollary 25]). G0 induces
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an action on A and we denote it by G0|A. Since G0|A also has a Zariski-dense open orbit in A, the
closedness of G0 implies that G0|A = Aut0(X) (∼= A). Let B ⊂ A be the locus over which albX is
not an isomorphism. Note that B and alb−1X (B) are G0-stable. Since G0|A = Aut0(X) consists of all
translations on A, we have B = ∅. Thus X is an abelian surface. This proves Proposition 2.3.10.
Below are consequences of Proposition 2.3.10 and hyperka¨hler analogue. Theorem 2.3.11 is part of
[Can14, Theorem 3.2 and Remark 3.3]. It also follows from Lemmas 2.3.6 and 2.3.7 and Lemma 2.2.1.
The proof of Theorem 2.3.12 is similar to the part (1) of Theorem 2.3.11, but Lemma 2.2.4 is also used.
Theorem 2.3.11 (cf. [Can14, Theorem 3.2, Remark 3.3]). LetX be a smooth projective surface. Suppose
that G ≤ Aut(X) is not of null entropy and that G|NSC(X) is virtually solvable. Then after replacing G
by a finite-index subgroup, we have:
(1) N(G)|NS(X) is finite and G|NS(X) is almost infinite cyclic.
(2) G is almost infinite cyclic, unless X is an abelian surface and G ∩ Aut0(X) is Zariski-dense in
Aut0(X).
Proof. Let L = NS(X)/(torsion). Note that N(G) is the inverse of N(G|L) via the natural
homomorphism G → G|L, and N(G)|L = N(G|L). Replacing G by a finite-index subgroup, we
may assume that G|L is solvable and the Zariski closure of G|LC in GL(LC) is connected. Then, as in
Lemma 2.3.7, N(G|L)CG|L and
G/N(G) ∼= (G|L)/(N(G|L)) ∼= Z.
Since N(G) 6= G, Lemma 2.3.6 implies that N(G)|L and hence N(G)|NS(X) are finite. Hence part (1)
is true; see Lemma 2.2.1.
If N(G) is finite, then G is almost infinite cyclic by Lemma 2.2.1. Otherwise, we can apply
Proposition 2.3.10 and conclude part (2).
Theorem 2.3.12. Let X be a projective hyperka¨hler manifold. Suppose that G ≤ Bir(X) is not of null
entropy and that G|NSC(X) is virtually solvable. Then after replacing G by a finite-index subgroup, N(G)
is finite and G is almost infinite cyclic.
Proof. We argue as in Theorem 2.3.11 (1) and also apply Lemma 2.2.4.
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2.4 Results for surfaces and proofs of results in Section 2.1
For a surface X , a group G ≤ Aut(X) being of null entropy has a clear geometric interpretation as
follows. The crucial case has been dealt with in [Giz81, Theorem 2] and [Ogu07, Theorem 2.1]. [Can14,
Theorem 2.11] deals with the cyclic group case, but the general case is similar due to the canonicity of
the fibrations involved. We state it for comparison with Theorem 2.1.1 and include a complete proof here
for the convenience of the reader. reader??
Theorem 2.4.1. Let X be a smooth projective surface and let G ≤ Aut(X) be a group such that
the induced action G|NS(X) is an infinite group. Then G is of null entropy if and only if there is a
G-equivariant fibration X → B onto a nonsingular projective curve B.
Proof. Set L := NS(X)/(torsion).
For the ‘if’ part: Take a fibre F of the fibration X → B. The G-equivariance of the fibration implies
that g∗[F ] = [F ] for every g ∈ G. Hence G is of null entropy by [Zha08, Lemma 2.12] or Lemma 2.3.4.
For the ‘only if’ part: Suppose that |G|L| =∞ and G is of null entropy. Thus X is not of general
type and hence the Kodaira dimension κ(X) ≤ 1. By Lemma 2.3.5 or [Ogu07, Theorem 2.1], there is a
unique (up to scalars) non-zero nef divisor D with D2 = 0 and g∗[D] = [D] for all g ∈ G. Further D
can be chosen to be integral.
If κ(X) = 1 (i.e., properly elliptic surfaces), or X is a hyperelliptic surface and hence has a unique
elliptic fibration onto Alb(X), or X is an irrational ruled surface, then X has a typical fibration which is
clearly G-equivariant.
It remains to consider (blowups of) K3, Enriques, abelian and rational surfaces. We may assume that
X is minimal unless it is rational.
If X is a K3 surface then the Riemann–Roch theorem implies that the above nef D is parallel to a
fibre of an elliptic fibration and Theorem 2.4.1 is true. The Enriques case can be reduced to its K3 cover
and the pull-back of D.
Suppose that X is rational. We may assume that the pair (X,G) is minimal. Then, by [Giz81,
Theorem 2, and p. 104], K2X = 0, the Iitaka D-dimension κ(X,−KX) = 1 and for some m ≥ 1,
|−mKX | defines an elliptic fibration which is clearly G-equivariant.
Finally, suppose that X is an abelian surface. By Lemma 2.3.3, G|L is virtually unipotent. Since G|L
is infinite, some g0 ∈ G restricts to a unipotent element g∗0|L which is non-trivial and hence of infinite
order. Since G is of null entropy, we may also assume that g∗0|H0(X,Ω1X) is non-trivial and unipotent, after
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replacing g0 by its power and using Kronecker’s theorem. Write g0 = Ta ◦ h with Ta a translation and
h a group automorphism. Then Ker(h − idX) contains a 1-dimensional subtorus F , an elliptic curve.
Hence g0 permutes cosets of X/F , and g∗0[F ] = [F ]; see the calculation in [Zha09a, Lemma 2.15]. Since
g∗0[D] = [D], the condition |〈g0〉|L| =∞ and the uniqueness in Lemma 2.3.5 imply that [D] = [F ] after
replacing D by a multiple. Thus, g∗[F ] = [F ] for all g ∈ G. So g(F ) is also a fibre of X → X/F ,
otherwise, 0 < (g(F ), F ) = (F, F ) = 0, a contradiction. Hence X → X/F is a G-equivariant fibration.
Theorem 2.4.1 is proved.
The remark below shows that one can also handle the case where G is infinite while G|NS(X) is finite.
See neat and exhaustive results in [Ogu16] when G ≤ Bir(X) is cyclic.
Remark 2.4.2. Suppose that X is a compact Ka¨hler manifold (resp. a smooth projective variety) and
G ≤ Aut(X) is infinite while G|H1,1(X,C) (resp. G|NS(X)) is finite. By Lemma 2.2.3 and its proof
in [CWZ14, Lemma 2.6], G0 := G ∩ Aut0(X) is infinite and has finite-index in G. Let G0 be the
Zariski closure of G0 in Aut0(X), and L(G0) the linear part of G0; see [Fuj78] or [Lie78]. Then either
the graph of the quotient map X 99K X/G0 or X 99K X/L(G0) as in [Fuj78, Lemma 4.2] gives a
non-trivial G-equivariant fibration, or X is almost homogeneous under the action of L(G0), or the
Albanese map albX : X → A := Alb(X) is Aut(X)- (and hence G0-) equivariant bimeromophic with
G0 acting densely on both the domain and codomain. In the second case, X is a unirational variety with
−KX big and
∣∣∣Aut(X) : Aut0(X)∣∣∣ < ∞ (cf. [FZ13, Theorem 1.2]). In the last case, the exceptional
locus of X → A (resp. its image in Alb(X)) is stable under the action of G0 ≤ Aut0(X) (resp.
G0 = Aut
0(A) ∼= A), hence this locus is empty, i.e., X → A is an isomorphism.
The base variety of a Lagrangian fibration is known to be a projective space when it is smooth. This
is the case in the situation of Theorem 2.1.1.
Proof of Theorem 2.1.1. Set L := NS(X) as before.
For the ‘if’ part: Take a hyperplane H on PnC, and denote its pull-back φ
∗H by P . Then we have
g∗P = φ∗α(g)∗H . Since α(g) is an automorphism of PnC, we have α(g)
∗H ∼ H . This implies that
g∗P ∼ P . Hence g is of null entropy by Lemma 2.3.4.
For the ‘only if’ part: Suppose that G is infinite and of null entropy. By Lemma 2.2.4, G|L is also
infinite. By Lemma 2.3.5, there exists a unique non-zero ray
R>0[D] ⊆ ∂C(LR) ∩NSR(X)
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such that g∗D ≡ D (i.e., g∗D ∼ D in the current case) for any g ∈ G. Further, qX(D) = 0 and D can be
chosen to be an integral divisor, where qX is the Beauville–Bogomolov–Fujiki quadratic form. Moreover,
D is in the closed movable cone Mov(X) of X and hence also in the closure of birational Ka¨hler cone
BK(X) of X .
Now by [Mat13, Corollary 1.1], D gives rise to a rational Lagrangian fibration φ : X 99K PnC, i.e.,
there exists a birational map τ : X 99K X ′ to another hyperka¨hler manifold X ′ such that the linear system
|D′| gives rise to a Lagrangian fibration φ′ : X ′ → PnC which is just the Stein factorization of
Φ|D′| : X ′ → P(H0(X ′, D′))
where D′ := τ∗D and φ = φ′ ◦ τ . Equivalently, we may also replace D′ by a primitive class such that
Φ|D′| itself is already a Lagrangian fibration, using the fact that PicPnC ∼= Z. Replacing (X,D) by
(X ′, D′) and G by τGτ−1, we may assume that Φ|D| : X → PnC is already a holomorphic Lagrangian
fibration. We only have to show that G ≤ Bir(X) descends to a regular group action on PnC. This is true
because g∗D ∼ D for all g ∈ G implies that g induces an isomorphism of PnC = P(H0(X,D)). This
proves Theorem 2.1.1.
Part (1) below is contained in [Can11, Theorem 5.1], [Can14, Theorem 3.2] or [Zha08, Theorem 3.1].
For commutative group actions in higher dimension, see [DS04, Theorem 1.1]. For an automorphism
g of a variety X , denote by Per(g) the set of g-periodic points, i.e., the set of points x ∈ X such that
gs(x) = x for some integer s > 0 depending on x.
Theorem 2.4.3. Let X be a smooth projective surface. Assume D is a numerically non-zero R-divisor
such that D2 ≥ 0 (this holds when D is nef). Assume further that gi ∈ Aut(X) (i = 1, 2) are of positive
entropy and polarized by D. Then we have:
(1) gs11 = g
s2
2 holds in Aut(X)|NS(X) for some si ∈ Z \ {0}.
(2) Suppose that either Per(g1) ∩ Per(g2) 6= ∅, or X is not birational to an abelian surface. Then
gt11 = g
t2
2 holds in Aut(X) for some ti ∈ Z \ {0}.
Proof. Let L := NS(X)/(torsion) and G = 〈g1, g2〉. By assumption [D] ∈ C(LR) \ {0} is a common
eigenvector of G|L. So by Lemma 2.3.7, replacing G by a finite-index subgroup, we have N(G|L) is
a subgroup of G|L and G/N(G) ∼= (G|L)/(N(G|L)) ∼= Z. Note that N(G) is the inverse of N(G|L)
via the natural homomorphism G → G|L ≤ O(L)′, and N(G)|L = N(G|L) is finite by Lemma 2.3.6.
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Replacing gi by powers, we may assume that g1 = g2 (modulo N(G)). Hence part (1) follows from
Lemma 2.2.1.
For part (2), since G 6= N(G) and by [Can99, Proposition 1], we may assume that either X is a
rational surface, or X is a minimal surface which is either a K3 surface, an Enriques surface or an abelian
surface.






N(G) ≤ Aut[H](X) := {g ∈ Aut(X) : g∗[H] = [H]}.
Since
∣∣∣Aut[H](X) : Aut0(X)∣∣∣ <∞ by [Fuj78, Theorem 4.8] or [Lie78, Proposition 2.2], we have
∣∣∣N(G) : N(G) ∩Aut0(X)∣∣∣ <∞.
If Aut0(X) = 1 (this is true when X is a K3 surface or an Enriques surface), then N(G) is finite and
hence part (2) follows from Lemma 2.2.1. We may assume that Aut0(X) 6= 1. This assumption and
G 6= N(G) imply that X is not a rational surface (cf. Lemma 2.2.5).
Finally, we assume that X is an abelian surface and Per(g1) ∩ Per(g2) 6= ∅. Replacing gi by some






2 ∈ N(G) ≤ Aut[H](X).
Since





for some t > s. This implies that
csc
−1
t ∈ N(G) ∩Aut0(X) ≤ Aut0(X).
Now since Aut0(X) consists of translations and csc−1t fixes the point P , we have csc
−1
t = id. So
gt−s1 = g
t−s
2 in Aut(X). This proves Theorem 2.4.3.
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Proof of Theorem 2.1.2. Apply Proposition 2.3.9 to L := NS(X) (also need Lemma 2.2.4 and Lemma
2.2.1).
Remark 2.4.4. (1) For the converse direction of Theorem 2.1.2, assume that both gi in Bir(X) are of
positive entropy such that gt11 = g
t2
2 for some ti ∈ Z \ {0}. Replacing gi by g−1i if necessary, we
may assume that both ti > 0.
Since g1 preserves the closed movable cone Mov(X) (see §2.2.2) of X and this cone spans NSR(X),
the generalized Perron–Frobenius theorem in [Bir67] (see also Lemma 2.3.2) implies that g∗1D ≡
λ1D for some movable R-divisor D and with log λ1 > 0 the entropy of g1. Thus (gt22 )
∗D ≡ λD
with λ = λt11 > 1. Now the uniqueness result in Lemma 2.3.4 for g
t2
2 , implies that g
∗
2D ≡ λ2D with
log λ2 the entropy of g2 and λt22 = λ.
(2) If both gi are automorphisms, then we can take D to be a nef divisor.
(3) The above argument also applies to surface automorphisms, so as to get the converse to Theorem
2.4.3 (1).
Proof of Proposition 2.1.3. Denote by L := NS(X)/(torsion) so that G|L is infinite by the assumption.
Hence the first assertion is just [Ogu07, Theorem 2.1]. Replacing G by a finite-index subgroup, we may
assume that G|L ∼= Z⊕s for some 1 ≤ s ≤ ρ(X)− 2.
We still have to give a better upper bound for s. Note that the Kodaira dimension κ(X) ≤ 1 sinceG|L
and hence G are infinite. If κ(X) ≥ 0, then we descend G to a biregular action on the minimal model of
X and may assume that X is already minimal, i.e., the canonical divisor KX is nef. If κ(X) = 0, by the
classification theory of surfaces the Picard number ρ(X) ≤ h1,1(X) ≤ 20 (with the equality possibly
holds only when X is a K3 surface), so the proposition follows in this case.
If κ(X) < 0, then X is either a rational surface or an irrational ruled surface.
If X is an irrational ruled surface, replacing G by a finite-index subgroup, then we may assume that
G descends to a biregular action on a relatively minimal model Xm, after G-equivariant blowdowns
of −1-curves in the unique P1-fibration on X; replacing X by Xm, we may assume that X is already
relatively minimal. Now this X has Picard number 2, both extremal rays of the nef cone of X are fixed
by G, contradicting the uniqueness of the G-stable nef ray in Lemma 2.3.5.
If X is rational, then we may assume that the pair (X,G) is minimal and hence K2X = 0 by [Giz81,
Theorem 2]. Thus the Picard number of X is 10 and hence s ≤ 8. This proves the proposition.
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Chapter 3
Compact Ka¨hler manifolds admitting large solvable
groups of automorphisms
3.1 Introduction
We work over the field C of complex numbers. Let X be a compact Ka¨hler manifold of dimension n and
Aut(X) the group of all (holomorphic) automorphisms of X . Bochner–Montgomery [BM46] proved
that Aut(X) is a complex Lie group of finite dimension but it may have an infinite number of connected
components. The identity connected component Aut0(X) of Aut(X) is the set of automorphisms
obtained by integrating holomorphic vector fields on X . It is a normal subgroup of Aut(X) and its action
on the Dolbeault cohomology groups Hp,q(X,C) is trivial. See [Fuj78, Lie78] for details.
Elements in Aut0(X) have zero (topological) entropy. Indeed, for any automorphism g ∈ Aut(X),
the (topological) entropy of g, defined in the theory of dynamical systems, turns out to be equal to the
logarithm of the spectral radius of the pull-back operator g∗ acting on ⊕0≤p≤nHp,p(X,R). This is a
consequence of theorems due to Gromov and Yomdin. Topological entropy is always a non-negative
number and also equals the logarithm of the spectral radius of g∗ acting on the whole cohomology group
⊕0≤p,q≤nHp,q(X,C). This number is strictly positive if and only if the spectral radius of g∗ acting on
Hp,p(X,R) is strictly larger than 1 for all or for some p with 1 ≤ p ≤ n−1. See [Din12, Gro03, Yom87]
for details.
The group Aut(X) satisfies the following Tits alternative type result which was proved in [CWZ14]
(generalizing [Zha09b, Theorem 1.1]). See [Din12] for a survey. Recall that a group H is virtually
solvable (resp. virtually free abelian, virtually unipotent, . . . ), if a finite-index subgroup of H is solvable
(resp. free abelian, unipotent, . . . ).
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Theorem 3.1.1 ([CWZ14, Theorem 1.5]). Let X be a compact Ka¨hler manifold of dimension n ≥ 2 and
G ≤ Aut(X) a group of automorphisms. Then one of the following two alternative assertions holds:
(1) G contains a subgroup isomorphic to the non-abelian free group Z ∗ Z, and hence G contains
subgroups isomorphic to non-abelian free groups of all countable ranks.
(2) G is virtually solvable.
In the second case, or more generally, when the representationG|H2(X,C) is virtually solvable,G contains
a finite-index subgroup G1 such that the null-entropy subset
N(G1) := {g ∈ G1 : g is of null entropy}
is a normal subgroup of G1 and the quotient G1/N(G1) is a free abelian group of rank r ≤ n− 1.
When the action of G on H2(X,C) is virtually solvable, the integer r in the theorem is called the
dynamical rank of G and we denote it as r = r(G). It does not depend on the choice of G1. When
G|H2(X,C) is abelian, Theorem 3.1.1 can be deduced from [DS04, Theorem I] and the classical Tits
alternative for linear algebraic groups. In [DS04, Remarque 4.9], the authors mentioned the interest of
studying these X admitting a commutative G of positive entropy and maximal dynamical rank n− 1.
In this chapter, we study virtually solvable but not necessarily commutative groups G of maximal
dynamical rank r(G) = n − 1. From Theorem 3.1.2 below, it turns out that N(G) is then virtually
contained in Aut0(X), hence G/(G ∩ Aut0(X)) is virtually a free abelian group of rank n − 1. In
particular, [Zha09b, Question 2.17] is affirmatively answered by Theorem 3.1.2 (or Theorem 3.4.1) below.
Theorem 3.1.2 ([DHZ15, Theorem 1.2]). Let X be a compact Ka¨hler manifold of dimension n ≥ 2 and
G ≤ Aut(X) a group of automorphisms such that the null-entropy subset N(G) is a subgroup of (and
hence normal in) G and G/N(G) ∼= Z⊕n−1. Then either X is a complex torus, or N(G) is a finite group
and hence G is virtually a free abelian group of rank n− 1.
Note that N(G) is normal in G because if g ∈ G has zero entropy, by Gromov and Yomdin, hgh−1
also has zero entropy for every h ∈ Aut(X).
Remark 3.1.3. We can deduce from Theorem 3.1.1 that the representation G|H2(X,C) is virtually solvable
if and only if, for some finite-index subgroup G1 of G, N(G1) is a normal subgroup of G1 and
G1/N(G1) ∼= Z⊕r for some r ≤ n− 1 (cf. [CWZ14, Theorem 2.3]). So the condition of Theorem 3.1.2
is, up to replace G by a finite-index subgroup, equivalent to that G|H2(X,C) is virtually solvable and G
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has maximal dynamical rank n − 1. Proposition 3.1.4 below gives a more precise description of the
present situation.
Recall that by Theorem 3.1.1, the first hypothesis in the following result is satisfied when G admits
no non-abelian free subgroup. Note also that Theorem 3.1.2 can be applied to the following group G0.
Proposition 3.1.4. Let X be a compact Ka¨hler manifold of dimension n ≥ 2 and G ≤ Aut(X) a group
of automorphisms such that G|H2(X,C) is virtually solvable and of maximal dynamical rank n− 1. Then
there is a normal subgroup G0 of G such that
(1) G/G0 is isomorphic to a subgroup of the symmetric group Sn. In particular, it contains at most n!
elements.
(2) The null-entropy subset N(G0) is a normal subgroup of G0 and G0/N(G0) ∼= Z⊕n−1.
Proposition 3.1.5. Let X,G be as in Proposition 3.1.4, and let H be the normalizer of G in Aut(X).
Then either |H : G| < ∞, or X is a complex torus. And in the latter case |H/(H ∩ Aut0(X)) :
G/(G ∩Aut0(X))| <∞.
Theorem 3.1.2 (or Theorem 3.4.1 (2)) enables us to apply [Zha16, Theorem 1.1] or Theorem 4.1.1
and immediately get the following result.
Corollary 3.1.6. Assume the condition for X and G in Theorem 3.1.2 (or 3.4.1). Assume further that
n ≥ 3, X is a projective manifold and X is not rationally connected1. Then, replacing G by a finite-index
subgroup, we have the following:
(1) There is a birational map X 99K Y such that the induced action of G on Y is biregular and
Y = T/F , where T is an abelian variety and F is a finite group whose action on T is free outside a
finite subset of T .
(2) There is a faithful action of G on T such that the quotient map T → T/F = Y is G-equivariant.
Every G-periodic irreducible proper subvariety of Y or T is a point.
When X is rationally connected, we can also state some necessary and sufficient hypothesis for X to
be G-equivariant birational to a quotient of an abelian variety. See [Zha16] for more details.
Generalizing Theorem 3.4.1 and Corollary 3.1.6, we propose the following. See [Din12, Problem
1.5] and the remarks afterwards for a related problem. See Oguiso–Truong [OT15, Theorem 1.4] for
1An algebraic variety X is rationally connected (resp. rationally chain connected) in the sense of Campana and Kolla´r–
Miyaoka–Mori, if any two closed points on X are contained in an irreducible rational curve (resp. a chain of rational curves).
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the first example of rational threefold or Calabi–Yau threefold admitting a primitive automorphism of
positive entropy.
Problem 3.1.7. (1) Classify compact Ka¨hler manifolds of dimension n ≥ 3 admitting a solvable group
G of automorphisms of dynamical rank r for some 2 ≤ r ≤ n − 1, such that the pair (X,G) is
primitive, i.e., there is no non-trivial G-equivariant meromorphic fibration even after replacing G by
a finite-index subgroup.
(2) One may strengthen the condition on G to that every non-trivial element of G is of positive entropy.
So G is isomorphic to Z⊕r.
(3) One may also weaken the condition on G to that the representation G|H1,1(X,C) is an abelian or
solvable group.
One may ask similar problems for the case of manifolds defined over fields of positive characteristic
but new tools need to be developed. We refer the reader to a pioneering work in this direction by Esnault
and Srinivas in [ES13].
The present chapter is organized as follows. In §3.2, we give a generalization of a theorem by Fujiki
and Lieberman that we will need in the proof of the main theorem. Theorem 3.2.1 and Proposition 3.2.6
should be of independent interest. In §3.3, we study a notion of privileged vector space which allows us
to construct common eigenvectors with maximal eigenvalues. The main theorem and its proof, as well as
the proofs of Proposition 3.1.4 and Proposition 3.1.5 are given in the last section.
3.1.1 Idea of the proof of the main theorems 3.1.2 and 3.4.1
Assume G/N(G) is free abelian of maximal rank n− 1. The key step is to show that the null-entropy
subset N(G) is virtually contained in the identity connected component Aut0(X) of Aut(X), i.e.,
∣∣∣N(G) : N(G) ∩Aut0(X)∣∣∣ <∞.
Indeed, once this assertion is proved, either Aut0(X) is trivial and hence G is virtually free abelian of
rank n− 1, or Aut0(X) is non-trivial. In the latter case, since the maximality of the dynamical rank of G
implies that every G-equivariant fibration is trivial, we can show that
– either X is almost homogeneous under a linear algebraic group and hence G is of null entropy,
which contradicts the fact that the dynamical rank of G is n− 1 ≥ 1 (cf. [FZ13]).
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– or the Albanese map albX : X → Alb(X) is bimeromorphic (and indeed is biholomorphic), so X
is a complex torus.
The desired assertion is equivalent to that the representation of N(G) on H2(X,C) is a finite group,
in view of the results of Fujiki and Lieberman [Fuj78, Lie78]. However, their theorems cannot be
directly applied in our setting. We will give in Theorem 3.2.1 or Proposition 3.2.6 some generalization
of their results. Hence, for our purpose, we only need to prove that after replacing G by a finite-index
subgroup, the null-entropy subset N(G) fixes a nef and big class A in H1,1(X,R). Such a class A will
be constructed as follows (see Proof of Theorem 3.4.1 (1)).
Note the representation N(G)|H2(X,C) is virtually a unipotent group (say a unipotent group for
simplicity), and hence has a non-trivial centre Z|H2(X,C) for some Z E G. We then introduce a
notion of privileged subspaces of H2(X,R), defined over Q, in which we can control classes in
H2,0(X,C) ⊕H0,2(X,C) by classes in H1,1(X,R), see Definition 3.3.1. The key Proposition 3.3.2
shows the existence of a G-invariant privileged subspace F on which the action of Z is trivial. By
considering the upper central series of N(G)|H2(X,C) and doing induction on its length, we can shrink F
such that the action of N(G) on such F is also trivial.
It follows from the above discussion that G|F is abelian. Following the spirit of [DS04], we can
find s + 1 nonzero common nef classes L1, . . . , Ls+1 ∈ F of G|F , such that L1 · · ·Ls+1 6= 0 in
Hs+1,s+1(X,R) and the group homomorphism below
ψ : G|F → (R⊕s,+), g∗|F 7→ (χ1(g), . . . , χs(g))
satisfies that Kerψ = N(G|F ) and Imψ is a discrete subgroup of R⊕s generating R⊕s, where each
χi : G→ (R,+) is the corresponding group character of Li. In other words, we have
G|F /N(G|F ) ' Z⊕s.
We next claim that the above s = n − 1. Otherwise, we can extend those Li to a full quasi-nef
sequence as in [Zha09b, §2.7]. Let N˜ denote the inverse image of N(G|F ) under the natural restriction
pi : G→ G|F . It is easy to see that N˜/N(G) is a free abelian group of rank n−1−s. While by analysing
the image of N(G|F ) under the group homomorphism induced by the above quasi-nef sequence, we will
see that N˜/N(G) can be embedded into R⊕n−s−2 as a discrete subgroup. This is a contradiction.
Now the nef and big class A := L1 + · · ·+ Ln satisfies the desired property.
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3.2 Fujiki and Lieberman type theorem
Let X be a compact Ka¨hler manifold of dimension n. Let ω be a Ka¨hler form on X . Its class in
H1,1(X,R) := H1,1(X,C) ∩ H2(X,R) is denoted by {ω}. Let Aut{ω}(X) denote the group of all
automorphisms g of X preserving {ω}, i.e., g∗{ω} = {ω}. Fujiki and Lieberman proved in [Fuj78,
Theorem 4.8] and [Lie78, Proposition 2.2] that Aut0(X) is a finite-index subgroup of Aut{ω}(X).
The purpose of this section is to prove a more general version of this theorem that we will use later.
Let φ be a differential (p, p)-form on X . We say that φ is positive if in any local holomorphic
coordinates z we can write φ(z) as a finite linear combination, with non-negative functions as coefficients,
of (p, p)-forms of type
(il1(z) ∧ l1(z)) ∧ · · · ∧ (ilp(z) ∧ lp(z)),
where lj(z) are C-linear functions in z. This notion does not depend on the choice of local holomorphic
coordinates z.
A (p, p)-current T on X is said to be weakly positive if T ∧ φ defines a positive measure for any
positive (n − p, n − p)-form φ. A (p, p)-form is weakly positive if it is weakly positive in the sense
of currents. A (p, p)-current T on X is said to be positive if T ∧ φ defines a positive measure for any
weakly positive (n− p, n− p)-form φ. It turns out that a form is positive if it is positive in the sense of
currents and positivity implies weak positivity. These two notions coincide for p = 0, 1, n− 1, n and are
different otherwise. If α is a holomorphic p-form on X , then ip
2
α ∧ α¯ is an example of weakly positive
(p, p)-form. It vanishes only when α = 0. This can be easily checked using local coordinates on X .
Weakly positive and positive forms and currents are real, that is, they are invariant under the complex
conjugation. If ω is a Ka¨hler form on X as above, then ωp is a positive (p, p)-form for every p. A
positive (resp. weakly positive) (p, p)-form or current T is said to be strictly positive (resp. strictly weakly
positive) if there is an  > 0 such that T − ωp is positive (resp. weakly positive). We refer to Demailly
[Dem12], or [DS10] for more details.
Recall from Hodge theory that the group Hp,q(X,C) can be obtained as the quotient of the space of
closed differential (p, q)-forms by the subspace of exact (p, q)-forms. It is not difficult to see that every
closed (p, q)-current T , defines via the pairing 〈T, φ〉 with φ a closed (n− p, n− q)-form, an element in
the dual of Hn−p,n−q(X,C), because T vanishes on exact (n− p, n− q)-forms by Stokes’ theorem. So
by Poincare´ duality, T defines a class in Hp,q(X,C) that will be denoted by {T}.
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Denote by Kp(X) (resp. Kwp (X)) the set of classes of strictly positive (resp. strictly weakly
positive) closed (p, p)-forms. They are strictly (i.e., salient) convex open cones in Hp,p(X,R) :=
Hp,p(X,C) ∩H2p(X,R). Denote by Ep(X) (resp. Ewp (X)) the set of classes of positive (resp. weakly
positive) closed (p, p)-currents. They are strictly (i.e., salient) convex closed cones in Hp,p(X,R).
Indeed, if T is a (weakly) positive closed (p, p)-current, the quantity 〈T, ωn−p〉 is equivalent to the
mass-norm of T and it only depends on the cohomology class of T . One often calls this quantity the mass
of T . So T vanishes if and only if its class {T} vanishes. Moreover, if Tn are such that {Tn} converge
to some class c, then since {Tn} are bounded, the masses of Tn are bounded and hence, up to extract a
subsequence, we can assume Tn converge to some (weakly) positive closed current T . It follows that c is
represented by T and hence Ep(X) (resp. Ewp (X)) are closed.
The Ka¨hler cone of X , denoted by K(X), consists of all Ka¨hler classes. So it is equal to K1(X) and
also to Kw1 (X) because positivity and weak positivity coincide for bidegree (1, 1). The closure K(X)
of the Ka¨hler cone K(X) in H1,1(X,R) is called the nef cone. The cones E1(X) and Ew1 (X) are also
equal and are denoted simply by E(X). This is called the pseudo-effective cone. Classes in the interior of
E(X) are called big and are the classes of Ka¨hler currents, i.e., strictly positive closed (1, 1)-currents. In
general, we have
Kp(X) ⊂ Kwp (X) ⊂ Kwp (X) ⊂ Ewp (X) and Kp(X) ⊂ Kp(X) ⊂ Ep(X) ⊂ Ewp (X).
The classes in the interior of Ep(X) (resp. Ewp (X)) are the classes of strictly positive (resp. strictly
weakly positive) closed (p, p)-currents. In what follows, we will write c ≤ c′ or c′ ≥ c for classes
c, c′ ∈ Hp,p(X,R) such that c′ − c belongs to Ewp (X).
The automorphism group Aut(X) acts naturally on cohomology groups and preserves all the above
cones, their closures, interiors and boundaries. We will fix a norm ‖ · ‖ for each cohomology group and a
Ka¨hler form ω of X . Our results do not depend on the choice of these norms or ω. The main result in this
section is the following theorem.
Theorem 3.2.1. Let X be a compact Ka¨hler manifold of dimension n and G ≤ Aut(X) a group of
automorphisms. Assume that for every element g ∈ G there is a class c of a strictly weakly positive closed
(p, p)-current with 1 ≤ p ≤ n− 1, such that ‖(gm)∗c‖ = o(m) as m→ +∞. Here, c and p may depend
on g. Then G is virtually contained in Aut0(X), i.e.,
∣∣∣G : G ∩Aut0(X)∣∣∣ <∞.
The following immediate corollary can be applied when c is a big class in H1,1(X,R). If c is the
class of a Ka¨hler form, the result is exactly the theorem by Fujiki and Lieberman quoted above.
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Corollary 3.2.2. Let c be the class of a strictly weakly positive closed (p, p)-current, 1 ≤ p ≤ n − 1.
Let Autc(X) denote the group of all automorphisms g such that g∗c = c. Then Autc(X) is virtually
contained in Aut0(X).
We will see in Lemma 3.2.3 below that the condition that g∗c = c for c as in the above corollary is
equivalent to the condition that g∗c is parallel to c.
We prove now Theorem 3.2.1. We will identify Hn,n(X,R) with R by taking the integrals of
(n, n)-forms on X . The cup product of two cohomology classes c, c′ is simply denoted by cc′ or c · c′.
We need the following lemmas.
Lemma 3.2.3. Let g ∈ Aut(X). Assume there is a class c of a strictly weakly positive closed (p, p)-
current for some 1 ≤ p ≤ n− 1, such that ‖(gm)∗c‖ = o(m) as m→ +∞. Then, for every 0 ≤ q ≤ n,
the norm of (gm)∗ acting on Hq,q(X,R) is bounded by a constant independent of m ∈ N. In particular,
the conclusion holds if g∗c is parallel to c and in this case we have g∗c = c.
Proof. Using the Jordan canonical form of g∗ acting on Hp,p(X,C), we see that the hypothesis
‖(gm)∗c‖ = o(m) implies that ‖(gm)∗c‖ is bounded by a constant independent of m ∈ N. Let cp
be any class in Ewp (X). Since c is in the interior of Ewp (X), there is a constant λ > 0 such that cp ≤ λc.
Since g∗ preserves Ewp (X) and this cone is salient and closed, we deduce that the sequence ‖(gm)∗cp‖ is
also bounded. We will use this property for the class {ωp} of ωp, where ω is the fixed Ka¨hler form of X .









By the Jordan canonical form of g∗ acting on Hq,q(X,C), we see that the limit in the definition of Jq
exists in Z≥0 ∪ {±∞}. The above discussion implies that Jp ≤ 0. We also have J0 = Jn = 0 since g∗
is the identity on H0,0(X,R) ∼= R and Hn,n(X,R) ∼= R.
We apply Theorem 3.2.4 below to ω1 := ω, ω2 := (gm)∗ω, ωi := (gm)∗ω for arbitrary q − 1 indices
3 ≤ i ≤ n and ωi := ω for the other n− q − 1 indices 3 ≤ i ≤ n. We obtain that I2q,m ≥ Iq−1,mIq+1,m.
It follows that the function q 7→ Jq is concave, i.e., 2Jq ≥ Jq−1 + Jq+1. We then deduce that Jq = 0 for
every 0 ≤ q ≤ n. In particular, using again the Jordan canonical form of g∗ acting on Hq,q(X,C), we
see that the sequence Iq,m is bounded.
Since the integral Iq,m is the mass of the positive closed (q, q)-current (gm)∗(ωq), we deduce that the
sequence ‖(gm)∗{ωq}‖ is also bounded. In the same way as it was just done for Ewp (X) at the beginning
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of the proof, we obtain that the sequence ‖(gm)∗cq‖ is bounded for any cq ∈ Ewq (X). Thus, the property
holds for any cq ∈ Hq,q(X,R) because Ewq (X) spans Hq,q(X,R). So the first assertion follows.
Suppose now that g∗c = λc for some λ ∈ R. Since g∗ preserves the weak positivity, we have λ > 0.
Replacing g by g−1 if necessary, we may assume that λ ≤ 1. Then the condition of the first assertion is
satisfied, so the norm of (gm)∗ acting on all Hq,q(X,R) is bounded. Thus the spectral radius of g∗ on all
Hq,q(X,R) are less than or equal to 1. The same is true for (g−1)∗, because the action of (g−m)∗ on
Hq,q(X,R) is the adjoint action of (gm)∗ on Hn−q,n−q(X,R) by Poincare´ duality. Thus, all eigenvalues
of g∗ on all Hq,q(X,R) are of modulus 1. In particular, if g∗c = λc, then λ = 1.
Recall the following result of Gromov, that we used above, see [Din12, Corollary 2.2] or [Gro90]. It
is a consequence of the mixed version of the classical Hodge–Riemann theorem.




ωi ∧ ωj ∧ ω3 ∧ · · · ∧ ωn = {ωi}{ωj}{ω3} · · · {ωn}.
Then we have I212 ≥ I11I22.
Lemma 3.2.5. Let g ∈ Aut(X). Assume that the norm of (gm)∗ acting on H1,1(X,R) is bounded by a
constant independent of m ∈ N. Then the action g∗|H2(X,R) has finite order.
Proof. We first show that the action of (gm)∗ on H2(X,R) is bounded independently of m ∈ N. Recall
that (gm)∗ preserves the Hodge decomposition
H2(X,C) = H2,0(X,C)⊕H1,1(X,C)⊕H0,2(X,C).
So it is enough to prove that the action of (gm)∗ on H2,0(X,C) is bounded independently of m ∈ N.
The similar property for H0,2(X,C) is then obtained by complex conjugation.
Observe that if v is a class in H2,0(X,C), it can be represented by a unique closed holomorphic
2-form α. The form α∧ α¯ is weakly positive and closed, which vanishes if and only if α = 0. We deduce
that vv¯ = 0 if and only if v = 0. Hence, ‖v‖ is bounded if and only if ‖vv¯‖ is bounded.
For any (2, 0)-class v in H2,0(X,C), there is a Ka¨hler class u satisfying vv¯ ≤ u2. Indeed, since the
class {ω2} is in the interior of the cone Ew2 (X), it is enough to choose u as a large multiple of the fixed
Ka¨hler class {ω}. We deduce that
(gm)∗v · (gm)∗v¯ = (gm)∗(vv¯) ≤ (gm)∗(u2) = (gm)∗(u)2.
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Therefore, by hypothesis, ‖(gm)∗v · (gm)∗v¯‖ is bounded independently of m ∈ N. Thus ‖(gm)∗v‖
satisfies the same property.
We conclude that the action of (gm)∗ on H2(X,R) is bounded independently of m ∈ N. In
particular, all eigenvalues of g∗|H2(X,R) are of modulus ≤ 1, hence they are of modulus 1, and indeed
are roots of unity by Kronecker’s theorem, since g∗ preserves (and is an isomorphism of) H2(X,Z) and
H2(X,R) = H2(X,Z)⊗Z R. This and the above boundedness result imply that the action g∗|H2(X,R)
is periodic, by looking at the Jordan canonical form of the action.
End of the proof of Theorem 3.2.1. By Lemmas 3.2.3 and 3.2.5, for any g ∈ G, the automorphism
g∗|H2(X,R) is periodic. The characteristic polynomials of g∗|H2(X,R) are defined over Z and we have seen
that their zeros are roots of unity for all g ∈ G. Since these polynomials are of degree dimH2(X,R), the
orders of these roots of unity are bounded by the same constant, i.e., the group G|H2(X,R) has bounded
exponent. Thus, it is a finite group by the classical Burnside’s theorem (see [Bur05]). Set v :=
∑
h∗{ω},
where h runs through the finite group G|H1,1(X,R) and ω is the fixed Ka¨hler form of X . Then G is
contained in
Autv(X) := {g ∈ Aut(X) : g∗v = v}.
Since v is a Ka¨hler class, the theorem by Fujiki and Lieberman quoted above says that∣∣∣Autv(X) : Aut0(X)∣∣∣ <∞. Now
G/(G ∩Aut0(X)) ∼= (G ·Aut0(X))/Aut0(X) ≤ Autv(X)/Aut0(X)
and the latter is a finite group. The theorem follows.
Since Aut0(X) acts trivially on Hp,q(X,C), the above discussion immediately implies the following
proposition.
Proposition 3.2.6. Let X be a compact Ka¨hler manifold of dimension n and G ≤ Aut(X) a group of
automorphisms. Then G is virtually contained in Aut0(X) if and only if the representation of G on
Hp,p(X,R) for some 1 ≤ p ≤ n− 1 (or on ⊕0≤p,q≤nHp,q(X,C)) is a finite group.
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3.3 Invariant privileged vector spaces
Let X be a compact Ka¨hler manifold of dimension n. By Hodge theory, every class v in H2(X,R)
admits a unique decomposition
v = v20 + v11 + v02,
where
v11 ∈ H1,1(X,R), v20 ∈ H2,0(X,C), v02 ∈ H0,2(X,C)
with v02 = v¯20. For any vector subspace V ⊆ H2(X,R) define
V 0 := V ∩ (H2,0(X,C)⊕H0,2(X,C)), V 11 := V ∩H1,1(X,R).
In general, we have V 0 ⊕ V 11 ⊆ V , but the inclusion may be strict.
Definition 3.3.1. We say that V is privileged if it satisfies the following properties:
(a) V is defined over Q, V 6= 0 and V = V 0 ⊕ V 11.
(b) The intersection of V 11 with the nef cone K(X) has non-empty interior in V 11, or equivalently
this intersection spans V 11 (because K(X) is convex).
(c) For every v ∈ V 0 there is a nef class u in V 11 such that v20v¯20 ≤ u2.
The main purpose of this section is to construct some privileged subspace of H2(X,R) as stated in
the introduction. More precisely, we have the following result.
Proposition 3.3.2. Let G and Z be subgroups of Aut(X). Assume that Z is normalized by G and
that Z|H2(X,C) (or equivalently Z|H2(X,R)) is a unipotent commutative matrix group. Then, there is a
privileged subspace F ⊆ H2(X,R) which is G-stable such that the action of Z on F is the identity.
Recall here that the representation Z|H2(X,R) of Z is defined over Q because Aut(X) acts on
H2(X,Z) and H2(X,R) = H2(X,Z)⊗Z R.
Notation 3.3.3. From here till Proposition 3.3.5, for simplicity, the pull-back action of g ∈ Aut(X) on
H∗(X,C), will be denoted by the same g, instead of g∗. So for g, h ∈ Aut(X) and v ∈ H∗(X,C) the
identity (gh)∗v = h∗(g∗v) will be written as (gh)v = h(g(v)).
Lemma 3.3.4. There is a privileged Z-stable subspace V ⊆ H2(X,R) such that the action of Z on V
is the identity.
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Proof. Set V0 := H2(X,R), and K0 := K(X) which has non-empty interior in V 110 = H1,1(X,R).
Take any z ∈ Z. Recall that the action of z on H2(X,R) is unipotent, i.e., all eigenvalues are equal to 1.
Therefore, in what follows, for vector spaces, we can use bases defined over Q.
Let l ≥ 0 be the minimal integer such that the norm of zm acting on V0 satisfies ‖zm‖ = O(ml) as
m→ +∞. If l = 0 then z is the identity on V0. This can be seen by using the Jordan canonical form of
z. So we can take V = V0 when the property l = 0 holds for all z.
Otherwise, fix a z ∈ Z such that l ≥ 1. Define
pi : V0 → V0
to be the limit of m−lzm and V1 the image of V0 by pi. Using the Jordan canonical form of z with a basis
of V0 defined over Q, we see that V1 6= 0, V1 6= V0 and V1 is defined over Q. Since zm preserves the
decomposition V 00 ⊕ V 110 , our V1 satisfies Property 3.3.1 (a).
Moreover, pi(K0) has non-empty interior in V 111 by open mapping theorem applied to pi : V 110 → V 111 .
By the definition of pi, we have pi(K0) ⊆ K0. Denote by K1 the intersection V 111 ∩ K0. It has non-empty
interior in V 111 . So V1 satisfies Property 3.3.1 (b).
For any v ∈ V 01 , there is a v? ∈ V 00 such that v = limm−lzm(v?). Let u? ∈ K0 such that
v?20v¯
?
20 ≤ u?2. Define
u := limm−lzm(u?).
We have v20v¯20 ≤ u2 because
u2 − v20v¯20 = limm−2lzm(u?2 − v?20v¯?20).
Indeed, the class
m−2lzm(u?2 − v?20v¯?20)
is represented by some weakly positive closed (2, 2)-current and the cone Ew2 (X) of weakly positive
classes in H2,2(X,R) is closed. So Property 3.3.1 (c) holds for V1. And eventually our V1 is privileged.
For any arbitrary w ∈ Z, as actions on H2(X,R), we have wzm = zmw. It follows that wpi = piw.
So V1 is w-stable for all w ∈ Z, and hence Z-stable. We can now apply the same argument in order to
construct inductively Vi+1 ⊂ Vi and Ki+1 ⊂ Ki. For dimension reason, there is an i such that Z is the
identity on Vi. Take V = Vi. We are done.
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Proof of Proposition 3.3.2. Let V be as in Lemma 3.3.4. We show that for any g ∈ G, g(V ) is also
privileged. Property 3.3.1 (a) is clear because g is defined over Q and preserves the Hodge decomposition
H2,0(X,C) ⊕H1,1(X,C) ⊕H0,2(X,C). Property 3.3.1 (b) is a consequence of the fact that g is an
isomorphism of H1,1(X,R) and preserves the nef cone K(X). Property 3.3.1 (c) is also clear because g
preserves the weak positivity. For any z ∈ Z and g ∈ G, we have z′ := gzg−1 ∈ Z since Z is normalized
by G, and hence for any v ∈ V (see Notation 3.3.3)
z(g(v)) = g(z′(v)) = g(v).
Thus, the action of Z on g(V ) is the identity.
Consider F =
∑
V , where V runs over all subspaces satisfying Lemma 3.3.4. We have g(F ) ⊆ F
and hence g(F ) = F for dimension reason. Also by dimension reason, the last sum is in fact a finite sum.
Therefore, F is defined over Q because it has a system of generators defined over Q. Like on V , the
group Z acts as the identity on F , and F 11 is spanned by nef classes. Hence F satisfies Properties 3.3.1
(a) and 3.3.1 (b).
To finish the proof of Proposition 3.3.2, we still have to show that F satisfies Property 3.3.1 (c). For
this purpose, it is enough to show that if v20, v′20 ∈ H2,0(X,C) and u, u′ ∈ K(X) satisfy v20v¯20 ≤ u2
and v′20v¯′20 ≤ u′2, then (v20 + v′20)(v¯20 + v¯′20) ≤ 2(u + u′)2. We can represent v20 − v′20 by a closed
holomorphic 2-form α. Since the (2, 2)-form α ∧ α¯ is weakly positive, we deduce the following Cauchy–
Schwarz inequality






20) ≤ 2v20v¯20 + 2v′20v¯′20 ≤ 2u2 + 2u′2.
On the other hand, we can approximate u and u′ by classes of Ka¨hler forms and hence uu′ by classes of
positive (2, 2)-forms. Since the cone Ew2 (X) is closed in H2,2(X,R), we obtain uu′ ≥ 0. Therefore, the
right-hand side class in the latter chain of inequalities is bounded by 2(u+ u′)2. This ends the proof of
Proposition 3.3.2.
Proposition 3.3.5. Let G, Z and F be as in Proposition 3.3.2. Then, for every g ∈ G there exists a nef
class v 6= 0 in F 11 ⊆ F such that gv = λv, where λ is the spectral radius of g acting on F .
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Proof. If γ is a complex eigenvalue of g acting on F 0, then up to replace γ with γ¯, there are vectors




Let u, u′ ∈ F 11 be as in Property 3.3.1 (c) for v, v′ respectively. As in the proof of Proposition 3.3.2, for
u′′ =
√
2(u+ u′), we have
v′′20v¯
′′
20 ≤ u′′2 and hence |γ|2mv′′20v¯′′20 ≤ gm(u′′2).
It follows that
|γ|m . ‖gm(u′′)‖.
Therefore, |γ| ≤ ρ(g|F 11), where ρ(g|F 11) is the spectral radius of g acting on F 11. So g acts on F 11
with spectral radius λ and preserves the cone C := F 11 ∩ K(X). Since this cone has non-empty interior
in F 11, the proposition follows from Theorem 3.3.6 below.
We quote Birkhoff’s generalization of the Perron–Frobenius theorem.
Theorem 3.3.6 (cf. [Bir67]). Let C be a strictly (i.e., salient) convex closed cone of a finite-dimensional
R-vector space V such that C spans V as a vector space. Let g : V → V be an R-linear endomorphism
such that g(C) ⊆ C. Then the spectral radius ρ(g) is an eigenvalue of g and there is an eigenvector
Lg ∈ C corresponding to the eigenvalue ρ(g).
The following lemma slightly generalizes [DS04, Proposition 4.1] which only deals with commutative
groups. We will use this lemma later to obtain the existence of common eigenvectors in the proof of
Proposition 3.1.4.
Lemma 3.3.7. Let C be a strictly (i.e., salient) convex closed cone of a finite-dimensionalR-vector space
V such that C spans V as a vector space. Let G ≤ GL(V ) and let N EG be a finite normal subgroup
such that G(C) ⊆ C and the quotient group G/N is commutative. Then for every g ∈ G there is a
non-zero element Lg in C such that g(Lg) = ρ(g)Lg with ρ(g) the spectral radius of g, G(Lg) ⊆ R+Lg,
and n(Lg) = Lg for any n ∈ N .
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and denote by V ′ its image. This is the subspace of all vectors in V which are fixed by N . Hence, since
N is normal in G, it is not difficult to see that V ′ is invariant by G. Define C ′ := C ∩ V ′ = pi(C). Since
C is closed, strictly convex and spans V , C ′ is also closed, strictly convex, and spans V ′. By taking L in
the interior of C, we see that C ′ contains vectors in the interior of C.
Observe that since C is strictly convex and invariant by G, for every vector L in the interior of C and
for any g ∈ G, when n→∞, the growth of ‖gn(L)‖ is comparable with the growth of the norm ‖gn‖ of
gn acting on V . We then conclude that the norm ‖gn‖ of gn acting on V ′ is comparable with the one on
V as n→∞. In particular, the spectral radius of g on V ′ is equal to the one on V .
Now replacing G,V,C by G/N , V ′ and C ′ reduces the problem to the case of the action of a
commutative group. This case was proved in [DS04, Proposition 4.1].
Before the end of this section, we recall the cone theorem of Lie–Kolchin type in [KOZ09], which
will be used in the proof of our main Theorem 3.4.1.
Theorem 3.3.8 (cf. [KOZ09, Theorem 1.1]). Let V be a finite-dimensional real vector space and
{0} 6= C ⊂ V a strictly (i.e., salient) convex closed cone. Suppose that G ≤ GL(V ) is a solvable group,
and it has connected Zariski closure in GL(VC) (always possible by replacing G with a finite-index
subgroup) and G(C) ⊆ C. Then G has a common eigenvector in the cone C.
Remark 3.3.9. Note that in this theorem the connectedness of the Zariski closure of G in GL(VC) is
necessary. Indeed, we have the following example. Let G be the subgroup of GL(2,R) consisting of all
invertible 2× 2 matrices (aij)1≤i,j≤2 with non-negative entries which are diagonal (i.e., a12 = a21 = 0)
or anti-diagonal (i.e., a11 = a22 = 0). Then G is a solvable Lie group and its Zariski closure in GL(2,C)
has two connected components. It preserves the cone of vectors with non-negative coordinates. However,
there is no common eigenvector of G in this cone.
Remark 3.3.10. Let V be a finite-dimensional real vector space and {0} 6= C ⊂ V a strictly (i.e., salient)
convex closed cone. Suppose that G ≤ GL(V ) ≤ GL(VC) is a virtually solvable group and G(C) ⊆ C.
Let G1 EG be the preimage, via the natural homomorphism G→ GL(VC), of the identity connected
component of the Zariski closure of G in GL(VC). This connected component is exactly the Zariski
closure of G1 in GL(VC) and is denoted by G1. So G1 is solvable because it is virtually solvable and
connected. We then deduce that G1 is solvable and we can apply Theorem 3.3.8 to G1.
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3.4 Generalization of Theorem 3.1.2 and proofs of results in Section 3.1
We give a more general formulation of Theorem 3.1.2 as follows.
Theorem 3.4.1. Let X be a compact Ka¨hler manifold of dimension n ≥ 2 and G ≤ Aut(X) a group of
automorphisms such that the null-entropy subset N(G) is a subgroup of (and hence normal in) G and
G/N(G) ∼= Z⊕n−1. Then we have:
(1) The representation of N(G) on ⊕0≤p,q≤nHp,q(X,C) is a finite group. Hence N(G) is virtually
contained in Aut0(X).
(2) Either N(G) is a finite group and hence G is virtually a free abelian group of rank n− 1, or X is a
complex torus and G ∩Aut0(X) = N(G) ∩Aut0(X) is Zariski-dense in Aut0(X) ∼= X .
(3) G/(G∩Aut0(X)) and G|E are virtually free abelian groups of rank n− 1 for any G-stable (real or
complex) vector subspaceE of⊕0≤p,q≤nHp,q(X,C) containingHp,p(X,R) for some 1 ≤ p ≤ n−1,
e.g., H2(X,R) or H1,1(X,R).
Remark 3.4.2. The condition of Theorem 3.4.1 (except the requirement for the dynamical rank of G)
is, up to replace G by a finite-index subgroup, equivalent to that the representation G|H1,1(X,C) (or
G|NSR(X) when X is projective) is virtually solvable (see Remark 3.1.3, [Zha09b, Theorem 1.2], or
[CWZ14, Theorem 2.3]).
Proof of Theorem 3.4.1 (1). Since N(G) is of null-entropy and preserves H2(X,Z), the restriction
N(G)|H2(X,C) is virtually unipotent (cf. [CWZ14, Theorem 2.2]). Indeed,
U :=
{
g ∈ N(G) : g∗|H2(X,C) is unipotent
}
is a normal subgroup of N(G) with finite-index. Note that U |H2(X,C) is automatically nilpotent (with
nilpotency class c say). If it is trivial, the proof is easy (see the argument below). Thus we assume it is
non-trivial, and hence has a non-trivial centre Z|H2(X,C) for some normal subgroup Z of U .
Note that ZEG (since Z is a characteristic subgroup ofG) and Z|H2(X,C) is a unipotent commutative
matrix group. Then by Proposition 3.3.2, there is a non-trivial G-stable privileged vector subspace
F1 ⊆ H2(X,R) (defined over Q) such that Z|F1 is trivial. Hence as the image of the nilpotent
group U |H2(X,C) by the natural restriction, U |F1 is also a nilpotent group of nilpotency class at most
c− 1. Repeating the above process several times, we may find a non-trivial G-stable privileged vector
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subspace F ⊆ H2(X,R) (defined over Q) such that U |F is trivial, and hence N(G)|F is finite. Set
FZ := F ∩H2(X,Z). Then F = FZ ⊗Z R.
Replacing G by a finite-index subgroup, we may assume that N(G)|F is trivial, see [CWZ14, Lemma
2.4]. In other words, if pi : G → G|F denotes the natural restriction, then N(G) E Kerpi. Thus
G|F ' G/Kerpi is the quotient group of G/N(G) ' Z⊕n−1 by Kerpi/N(G), and hence is abelian.
As in [DS04, Proof of Theorem I], let s be the maximal number of non-trivial linearly independent
characters χi : G|F → (R,+) corresponding to nonzero common nef classes Li ∈ F of G|F , such that
g∗Li = expχi(g∗|F )Li for all g ∈ G. By taking the composition with pi : G → G|F , these χi can be
thought of as characters of G itself. Define a group homomorphism as follows
ψ : G|F → (R⊕s,+), g∗|F 7→ (χ1(g), . . . , χs(g)).
One can show that Kerψ = N(G|F ) (cf. [DS04, Proposition 4.2]), and Imψ is a discrete subgroup of
R⊕s (cf. [DS04, Corollary 2.2]) because our FZ is defined over Q. Further, the lattice Imψ generates
R⊕s. In other words, we have
G|F /N(G|F ) ' Z⊕s.
If s = 0, let Ls+1 be any nonzero common nef eigenvector of the commutative group G|F . If s > 0,
since ψ(G) is a spanning lattice, one may choose an automorphism f∗|F ∈ G|F such that every
coordinate of ψ(f∗|F ) is negative; let Ls+1 ∈ F be a nonzero common nef eigenvector of G|F such that
f∗Ls+1 = ρ(f∗|F )Ls+1, where ρ(f∗|F ) denotes the spectral radius of f∗|F (cf. [DS04, Proposition 4.1],
Proposition 3.3.5). Note that ρ((f−1)∗|F ) > 1 by the choice of f , and hence ρ(f∗|F ) > 1, since FZ is
defined over Z and G-stable entailing det(f∗|F ) = ±1.
As in [DS04], we claim that L1 · · ·Ls+1 6= 0. Indeed, we first prove that L1 · · ·Ls 6= 0. Suppose to
the contrary that L1 · · ·Ls = 0. Let 2 ≤ k ≤ s be the least number such that Li1 · · ·Lik = 0 for some
{i1, . . . , ik} ⊆ {1, . . . , s}. Then Li1 · · ·Lik−1 6= 0, Li1 · · ·Lik−2 · Lik 6= 0, and Li1 · · ·Lik = 0, imply
that χik−1(g
∗|F ) = χik(g∗|F ) for any g∗|F ∈ G|F by [DS04, Lemma 4.4]. This is a contradiction since
Imψ generates R⊕s.
We return back to the proof of the claim. Suppose to the contrary that L1 · · ·Ls+1 = 0. Since
L1 · · ·Ls 6= 0 and expχs(f∗|F ) < 1 < ρ(f∗|F ), we have L1 · · ·Ls−1 · Ls+1 = 0 by [DS04, Lemma
4.4]. Repeating this process, we would reach that L1 · Ls+1 = 0, hence L1 and Ls+1 are parallel to each
other (cf. [DS04, Corollary 3.2]). But this is impossible by looking at the action of f∗|F on them.
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We next claim that the above s = n− 1. Suppose to the contrary that s < n− 1. Extend L1 · · ·Ls+1
to a full quasi-nef sequence
L1 · · ·Lk ∈ L1 · · ·Lk−1 ·Nef(X) ⊆ Hk,k(X,R)
(1 ≤ k ≤ n) as in [Zha09b, §2.7], such that for any g ∈ G,
g∗(L1 · · ·Lk) = expχ1(g) · · · expχk(g)L1 · · ·Lk,
where χi : G→ (R,+) are group characters. Then the group homomorphism
ϕ : G→ (R⊕n−1,+), g 7→ (χ1(g), . . . , χn−1(g))
has Kerϕ = N(G) and image discrete in R⊕n−1.




of N(G|F ) under the natural restriction pi : G→ G|F .
Then N˜/N(G) is a free abelian subgroup of G/N(G) ' Z⊕n−1 of rank n− 1− s, because
G/N˜ ' pi(G)/pi(N˜) = G|F /N(G|F ) ' Z⊕s.
On the other hand, since the null-entropy group N(G|F ) of course fixes those s+ 1 common nef classes
L1, . . . , Ls+1 ∈ F of G|F , all the first s + 1 coordinates of ϕ(N˜) are zero. Hence one can embed
ϕ(N˜) ' N˜/N(G) into R⊕n−1−(s+1). Recall that Imϕ is discrete in R⊕n−1. Therefore, ϕ(N˜) is
discrete in R⊕n−s−2, and hence of rank ≤ n− s− 2, which contradicts the rank calculation above. So
the claim holds.
Therefore, we obtain n common nef classes Li of G, which are of course fixed by the null-entropy
group N(G). Thus N(G) fixes the nef class A := L1 + · · ·+ Ln, which is also big because L1 · · ·Ln is
nonzero and hence positive. Hence N(G) is virtually contained in Aut0(X) by Corollary 3.2.2. Then
Theorem 3.4.1 (1) follows from Proposition 3.2.6.
Proof of Theorem 3.4.1 (2). By the assertion (1), N(G) is virtually contained in Aut0(X), i.e., |N(G) :
N(G) ∩ Aut0(X)| < ∞. Since G/N(G) ∼= Z⊕n−1 and by [CWZ14, Lemma 2.4], we only have to
consider the case that the group N(G) ∩Aut0(X) is infinite. We will prove that X is a complex torus in
this case.
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To do so, let H be the identity connected component of the Zariski closure of the latter group in
Aut0(X). Then H is normalized by G because N(G) ∩Aut0(X) is normal in G. Consider the quotient
map X 99K X/H (and its graph) as in [Fuj78, Lemma 4.2], where G acts on X/H bi-regularly. The
maximality of the dynamical rank r(G) of G implies that H has a Zariski-dense open orbit in X , see
[Zha09b, Lemma 2.14].
Consider the case that the irregularity q(X) = 0. Then Aut0(X) is a linear algebraic group, see
[Fuj78, Theorem 5.5] or [Lie78, Theorem 3.12]. Hence X is an almost homogeneous variety under
the action of a linear algebraic group H (≤ Aut0(X)). Then |Aut(X) : Aut0(X)| < ∞ by [FZ13,
Theorem 1.2]. Hence G ≤ Aut(X) is of null entropy, contradicting the assumption r(G) = n− 1 ≥ 1
on the dynamical rank of G.
So we may assume that q(X) > 0. Then the Albanese map albX : X → A := Alb(X) is
bimeromorphic by the maximality of r(G), see [Zha09b, Lemma 2.13]. Since the action H|A of
H on A also has a Zariski-dense open orbit in A, we have H|A = Aut0(X) ∼= A. Let B ⊂ A be the
locus over which albX is not an isomorphism. Note that B and its inverse in X are both H-stable. Since
H|A = Aut0(X) ∼= A, we have B = ∅. Hence albX is an isomorphism. This proves Theorem 3.4.1
(2).
Proof of Theorem 3.4.1 (3). Let φ be one of the following natural homomorphisms:
G→ G/(G ∩Aut0(X)) or G→ G|E .
Then K := Ker(φ) ≤ Autc(X) for any class c in Hp,p(X,R). Choose a class c in the interior of Ewp (X).
Since |Autc(X) : Aut0(X)| <∞, by Corollary 3.2.2, this K is of null entropy, see Proposition 3.2.6.
Thus K ≤ N(G). Now
Z⊕n−1 ∼= G/N(G) ∼= (G/K)/(N(G)/K) ∼= φ(G)/φ(N(G)).
By Theorem 3.4.1 (1), φ(N(G)) is a finite group. So there is a finite-index subgroup G1 of G such
that φ(G1) ∼= Z⊕n−1, see [CWZ14, Lemma 2.4]. This proves Theorem 3.4.1 (3), hence the whole of
Theorem 3.4.1.
Now the finiteness of N(G) in [DS04, Theorem I] when r(G) = n− 1, has a shorter proof:
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Corollary 3.4.3. Let X be a compact Ka¨hler manifold of dimension n ≥ 2 and G a group of
automorphisms of X . Assume that G is commutative of maximal dynamical rank n− 1. Then N(G) is a
finite group and hence G is virtually isomorphic to Z⊕n−1.
Proof. Suppose the contrary that N(G) is infinite. By Theorem 3.4.1 (2), X is a complex torus and
N(G) ∩ Aut0(X) is Zariski-dense in Aut0(X). Take g0 ∈ G of positive entropy. Since g0 commutes
with all elements in N(G), it commutes with any translation Tb ∈ Aut0(X). Write g0 = h ◦ Ta for some
translation Ta and group automorphism h for X (here consider X as an additive group). Then for every
x ∈ X , we have
h(a+ b+ x) = (g0 ◦ Tb)(x) = (Tb ◦ g0)(x) = b+ h(a+ x).
Hence h(b) = b for all b ∈ X . Thus h = idX . So g0 = Ta, and g0 is of null entropy, a contradiction.
This proves Corollary 3.4.3.
Proof of Proposition 3.1.4. In Theorem 3.1.1, we can take G1 as the preimage in G of the identity
connected component of the Zariski closure of G|H1,1(X,C) in GL(H1,1(X,C)), via the natural
homomorphism G → G|H1,1(X,C), see [Zha09b, Theorem 1.2] and Remark 3.3.10. Theorem 3.4.1
can be applied to G1 instead of G. So N(G1)|H1,1(X,R) is a finite group and
G1/N(G1) ∼= (G1|H1,1(X,R))/(N(G1)|H1,1(X,R)) ∼= Z⊕n−1.
Further, G1EG and |G : G1| <∞. For simplicity, we still use the same notation introduced in the proof
of Theorem 3.4.1. Applying Lemma 3.3.7 to G1|H1,1(X,R) and the nef cone of X , we may assume that
nef classes Li with 1 ≤ i ≤ n are common eigenvectors for the action of G1 on H1,1(X,R). These n
classes Li form a basis of an n-dimensional real vector space that we denote by W ⊆ H1,1(X,R).
For any fixed index 1 ≤ i ≤ n, we can find gi ∈ G1 such that g∗i Lj = λi,jLj with λi,j < 1,
for any j 6= i. This is true for i = n because ϕ(G1) is a spanning lattice in (R⊕n−1,+). The same
is true for other i since
∑n
j=1 χj = 0 or
∏n
j=1 expχj = 1. Since W contains a nef and big class
A :=
∑n
j=1 Lj , we have d1(gi) = ρ(g
∗
i |W ), and hence d1(gi) = maxj{λi,j}. Since λi,j < 1 for j 6= i
and λi,i = 1/
∏
j 6=i λi,j > 1, we have λi,i = d1(gi). Further, we have the following uniqueness property
by [DS04, Lemma 4.4 and Corollary 3.2].
Uniqueness Property. Let N be a nef class such that g∗iN = λN with λ > 1. Then N is parallel to Li.
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Claim 3.4.4. For every g ∈ G, g∗ permutes the half-lines R+Li for i = 1, . . . , n. In particular, W is
invariant by G.
Proof. Since G1 is normal in G, we have hi := g−1gig ∈ G1. It follows that all Lj are eigenvectors of
h∗i . In particular, W is h
∗
i -stable, and if λ is the spectral radius of h
∗
i |W , then h∗iLj = λLj for some j.
Note that the eigenvalue associated with Lj is always a positive number because Lj is nef. Since W
contains big and nef classes, we deduce that λ is the first dynamical degree of hi. Moreover, since hi and
gi are conjugated, they have the same first dynamical degree, i.e., λ = d1(gi).
We deduce from the definition of hi that (g−1)∗Lj is an eigenvector of g∗i associated with the maximal
eigenvalue λ = d1(gi). By the above uniqueness property, (g−1)∗Lj is parallel to Li. It follows that g∗Li
is parallel to Lj . This proves Claim 3.4.4.
We go back to the proof of Proposition 3.1.4. By Claim 3.4.4, we can associate g with an element σg
in the symmetric group Sn that we identify with the group of all permutations of the half-lines R+Li.
So we have a natural group homomorphism from G to Sn. Let G0 denote its kernel. Recall that we use
the basis L1, . . . , Ln for the vector space W . We see that G0 is the set of g ∈ G such that the action of
g∗ on W is given by an n× n diagonal matrix with non-negative entries and determinant 1. Indeed, the
entries of this matrix are non-negative because the classes Lj are nef; the determinant is 1 because g∗ is
identity on Hn,n(X,R) and hence preserves the class L1 · · ·Ln. We also see that N(G0) is the set of all
elements g ∈ G0 which act as the identity on W , see Theorem 3.2.1. Hence N(G0) is a normal subgroup
of G0.
Now, G0/N(G0) can be identified with a subgroup of the group of all the diagonal n× n matrices
with non-negative entries and determinant 1. The later one is isomorphic to the torsion-free additive group
(R⊕n−1,+). Moreover, since G0 contains the finite-index subgroup G1, the group G0/N(G0) contains
a finite-index subgroup isomorphic to G1/N(G1) ∼= Z⊕n−1. We necessarily have G0/N(G0) ∼= Z⊕n−1.
This completes the proof of Proposition 3.1.4.
Proof of Proposition 3.1.5. As in the proof of Proposition 3.1.4, let G1 be the preimage in G of the
identity connected component of the Zariski closure of G|H1,1(X,C) in GL(H1,1(X,C)), via the natural
homomorphism G→ G|H1,1(X,C). Then we have G1/N(G1) ∼= Z⊕n−1 and |G : G1| <∞. Further, by
definition, G1 is normalized by H . Now we follow the proof of Proposition 3.1.4, with G there, replaced
by H here. In particular, Claim 3.4.4 holds for all g ∈ H . In the same way as for G0, we construct
a group H0 such that G1 E H0 E H , H/H0 is identified with a subgroup of Sn and H0/N(H0) is
isomorphic to a subgroup of the torsion-free additive group (R⊕n−1,+). Hence by [Din12, Lemma 5.5],
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H0|H1,1(X,R) is virtually solvable since N(H0)|H1,1(X,R) is virtually unipotent (cf. [CWZ14, Theorem
2.2]). So, according to [Zha09b, Theorem 1.2], the torsion-free abelian group H0/N(H0) is isomorphic
to Z⊕n−1 since it contains G1/N(G1) ∼= Z⊕n−1. By Theorem 3.4.1, N(H0) and N(G1) are virtually
contained in Aut0(X). Thus we have a commutative diagram:











It follows that H/(H ∩Aut0(X)) is a finite extension of G/(G ∩Aut0(X)) and both are virtually free
abelian groups of rank n− 1, see [CWZ14, Lemma 2.4]. If G1 ∩Aut0(X) (or equivalently N(G1)) is
infinite, then it is Zariski-dense in Aut0(X) and X is a complex torus, see Theorem 3.4.1. The same
property holds if we replace G1 by H0. Otherwise, |H0 : G1| <∞. The proposition follows.
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Chapter 4
Periodic subvarieties of a projective variety under
the action of a maximal rank abelian group of
positive entropy
4.1 Introduction
We work over the field C of complex numbers. Let X be a normal projective variety of dimension n ≥ 2.
Denote by NS(X) := Pic(X)/Pic0(X) the Ne´ron–Severi group, i.e., the (finitely generated) abelian
group of Cartier divisors modulo algebraic equivalence. The rank of its free part is called the Picard
number of X . For a field F = Q, R or C, NSF(X) stands for NS(X)⊗Z F. The first dynamical degree






{|λ| : λ is an eigenvalue of g∗|NSC(X)}.
Note that by Lemmas 4.2.2 and 4.2.3, our definition of the first dynamical degree for possibly singular
varieties coincides with the usual one defined in Dinh–Sibony [DS04, §2.1] for compact Ka¨hler manifolds.
Also, by the fundamental work of Gromov [Gro03] and Yomdin [Yom87], the (topological) entropy of an
automorphism g ∈ Aut(X) can be defined as the logarithm of the spectral radius of the pullback action
g∗ on the total cohomology ring ⊕H i(X,C). Then by [DS04, Corollary 2.2], an automorphism g is of
positive entropy (resp. null entropy), if and only if d1(g) > 1 (resp. d1(g) = 1). See also [Zha09a,
Lemma 2.2] and references therein.
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For a subgroup G ≤ Aut(X), we define the null-entropy subset of G as
N(G) :=
{
g ∈ G : g is of null entropy, i.e., d1(g) = 1
}
.
We then call such G ≤ Aut(X) is of positive entropy (resp. null entropy), if N(G) = {id} (resp.
N(G) = G). Assuming that X is a compact Ka¨hler manifold and G is commutative, Dinh–Sibony
[DS04] showed thatG contains a free abelian subgroupG1 of positive entropy such that rankG1 ≤ n−1.
If rankG1 = n− 1, then the null-entropy subset N(G) is finite.
In general, we have a Tits alternative1 type result for any subgroup G ≤ Aut(X). That is, either G
contains a subgroup isomorphic to the non-abelian free group Z ∗ Z, or G is virtually solvable (i.e., a
finite-index subgroup of G is solvable). In the latter case or when G|NSC(X) is virtually solvable, there is
a finite-index subgroup G1 of G such that N(G1) is a normal subgroup of G1 and G1/N(G1) is a free
abelian group of rank r ≤ n − 1. We call this r the dynamical rank of G and denote it as r = r(G),
which is independent of the choice of the finite-index subgroup G1 of G. See [CWZ14, Din12, Zha09b]
and references therein for details.
When the dynamical rank of G is maximal (i.e., r = n − 1), inspired by Dinh–Sibony [DS04],
it is expected in general that N(G) is finite except the case when X is an abelian variety. This has
been confirmed recently in [DHZ15]. Note that there indeed exist examples of abelian varieties and
their quasi-e´tale quotients admitting the action of commutative groups with maximal dynamical rank
(cf. [DS04, Example 4.5] or [Zha10a, Example 1.7]). On the other hand, we are particularly interested
in the geometry of those projective varieties with the action of maximal rank abelian groups of positive
entropy. Along this direction, De-Qi Zhang obtained the following partial result already.
Theorem 4.1.1 ([Zha16]). Let X be a projective variety of dimension n ≥ 3 with at worst Q-factorial klt
singularities, and G ≤ Aut(X) such that the restriction action G∗ := G|NSC(X) is isomorphic to Z⊕n−1,
and every element of G∗ \ {id} is of positive entropy. Assume further that any one of the following
conditions holds.
(i) X is not rationally connected2.
(ii) X has no G-periodic3 proper subvariety of positive dimension.
1Tits alternative is named after Jacques Tits, who first proved in [Tit72] the deep and remarkable fact that general linear
groups satisfy this property.
2An algebraic variety X is rationally connected (resp. rationally chain connected) in the sense of Campana and Kolla´r–
Miyaoka–Mori, if any two closed points on X are contained in an irreducible rational curve (resp. a chain of rational curves).
3A Zariski-closed subset Z of X is G-periodic if a finite-index subgroup of G set-theoretically stabilizes Z.
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Then after replacing G by a finite-index subgroup, X is G-equivariant birational to a quasi-e´tale torus
quotient.
By a quasi-e´tale torus quotient, we mean a quotient of an abelian variety T by a finite group F , which
acts freely on T outside a codimension-2 subset of T . Note that such T → T/F is e´tale in codimension-1.
The purpose of this chapter is to understand the obstruction for a normal projective variety X with
the action of a maximal rank abelian group G of positive entropy, to be G-equivariant birational to a
quasi-e´tale torus quotient. By virtue of [Zha16] and [DHZ15], the remaining case we need to consider is
the case when X is rationally connected or contains some non-trivial G-periodic proper subvariety of
positive dimension. Our main results are Theorems 4.1.2, 4.1.3 (see their detailed versions: Theorems
4.4.1, 4.4.5, respectively), Theorem 4.1.7 and Proposition 4.1.8 below.
Theorem 4.1.2. Let X be a projective variety of dimension n ≥ 2, and G ≤ Aut(X) such that the
following conditions are satisfied.
(i) X has at worst Q-factorial klt singularities.
(ii) G|NSC(X) is virtually solvable with maximal dynamical rank r(G) = n− 1.
Then after replacing G by a finite-index subgroup, the following assertions hold.
(1) The union of all positive-dimensional G-periodic proper subvarieties of X is a Zariski-closed proper
subset of X . Denote the irreducible decomposition of this union by Z1 ∪ Z2 ∪ · · · ∪ Zm.
(2) Either Zk is uniruled, or a finite-index subgroup of G fixes Zk pointwise.
(3) The Picard number ρ(X) ≥ n. If ρ(X) = n ≥ 3, then X is G-equivariant birational to a quasi-e´tale
torus quotient.4
(4) X has at most ρ(X)− n of distinct G-periodic prime divisors.
The assertion (1) of Theorem 4.1.2 follows from [Zha16, Proposition 3.11] or Proposition 4.2.8, with
the help of [DHZ15, Theorem 4.1] or Proposition 4.2.4 to deal with the solvable group case. We include
them here for the convenience of the reader. Note that the condition (i) of Theorem 4.1.2 (or Theorem
4.4.1, Question 4.1.6) is not restrictive, since we can always take a G-equivariant resolution due to
Hironaka [Hir77] and even assume that X is smooth. (See also Kolla´r’s book [Kol07, 3.4.1, Proposition
4We remark that if the Picard number ρ(X) > n2, then X is not equal to a quasi-e´tale torus quotient. Indeed, X is
then not dominated by any abelian variety T via a generically finite surjective morphism. This is because the Picard number
ρ(T ) ≤ (dimT )2 = n2.
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3.9.1 and Theorem 3.36] as a modern description.) Meanwhile, the condition (ii) is birational in nature
(see Proposition 4.2.4 and [Zha16, Lemma 3.1]).
If assume further that X contains a G-periodic non-uniruled prime divisor D, we obtain a more
clear geometric characterization of the pair (X,D) by theorem below. The main ingredient is to run a
G-equivariant Minimal Model Program (MMP for short) developed in [Zha16].
Theorem 4.1.3. Let X be a normal projective variety of dimension n ≥ 2, and G ≤ Aut(X) such that
the following conditions are satisfied.
(i) G|NSC(X) is virtually solvable with maximal dynamical rank r(G) = n− 1.
(ii) X contains a G-periodic non-uniruled prime divisor D.
Then after replacing G by a finite-index subgroup, the following assertions hold.
(1) X is a rationally connected variety.
(2) Every G-periodic prime divisor, other than D, is uniruled.
(3) A finite-index subgroup of G fixes D pointwise.
Furthermore, there is a G-equivariant birational map X 99K Y , which is isomorphic at the generic point
of D with DY ⊂ Y the push-forward of D, such that we have:
(4) Every positive-dimensional G-periodic proper subvariety of Y is contained in DY .
(5) KY + DY ∼Q 0 (Q-linear equivalence); both KY and DY are Q-Cartier; the pair (Y,DY ) and
hence Y both have at worst canonical singularities.
(6) DY has at worst canonical singularities and KDY ∼Q 0.
Remark 4.1.4. In dimension 2, Theorem 4.1.3 means that if X is a normal projective surface with an
automorphism g of positive entropy and D is an irrational g-periodic curve, then X is a rational surface,
D is an elliptic curve pointwise fixed by a power of g, and all other g-periodic curves are rational. See
Lemma 4.3.7 and Remark 4.3.8 for an elementary treatment. Also, there indeed exists an explicit example
satisfying the conditions (i) and (ii) in Theorem 4.1.3. See [Dil11, Theorem 2 or Example 3.3]. Indeed,
in that example, X is a smooth rational surface and D is a smooth elliptic curve.
There are rationally connected varieties which also have quasi-e´tale covers by abelian varieties
(see examples of the Ueno type below). The seemingly non-compatible rational connectivity and being
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quasi-e´tale torus quotient are allowed to co-exist, due to the existence of non-canonical klt singularities. In
other words, a quasi-e´tale torus quotient which has at worst canonical singularities must be non-uniruled
(even have vanishing Kodaira dimension by Kolla´r–Larsen [KL09, Theorem 10]) and hence never be
rationally connected.
Example 4.1.5. Here we give examples of rationally connected varieties which are quasi-e´tale torus
quotients at the same time.
Let E = Eζm := C/(Z + Z ζm) be the elliptic curve with period ζm := exp
2pii
m for some m ∈
{2, 3, 4, 6} and A = En := E × · · · ×E. Let µm := 〈ζm〉, the group of m-th roots of unity, act on E by
multiplication and act on A diagonally. Then the quotient variety X := A/µm has at worst Q-factorial
klt singularities by [KM98, Proposition 5.20]. Moreover, for any 2 ≤ n < m, X is a rationally connected
variety, which is also a quasi-e´tale torus quotient.
Indeed, for any id 6= g ∈ µm, the Zariski-closed set Eg of g-fixed points in E is a finite subset of E,
so is Ag. Thus the ramification locus of A → X , as the union of all g-fixed points for all g 6= id, is a
finite set. It follows that X is a quasi-e´tale torus quotient when n ≥ 2.
On the other hand, under the condition n < m, the age of the automorphism [ζm] at a fixed point
o ∈ A[ζm] is nm < 1 (see [Rei02, §2] for the definition of age). Then the Reid–Tai criterion implies that
X has non-canonical singularities. Take a resolution X ′ of X . Note that KX is Q-linearly equivalent to
zero and X has non-canonical klt singularities. Thus KX′ is not pseudo-effective. Hence by [BDPP13,
Corollary 0.3] X ′ is uniruled, so is X . Also, the natural SLn(Z)-action on A descends to X . As in
[Din12, Example 1.4], SLn(Z) admits a free abelian subgroup isomorphic to Zn−1 whose every non-
trivial element g has spectral radius > 1. Thus the natural action of g on A is of positive entropy. In other
words, the dynamical rank of Zn−1|A is maximal, so is Zn−1|X by Lemma 4.2.2. We then consider the
so-called special maximal rationally connected (MRC) fibration X 99K Y of X in the sense of Nakayama
[Nak10, Theorems 4.18 and 4.19], where the general fibres are rationally connected and the Zn−1-action
on X descends to a biregular action of Zn−1 on Y . The maximality of the dynamical rank implies that
this special MRC fibration is trivial (cf. [Zha09b, Lemma 2.10]). Thus Y is a point and hence X is
rationally connected. See also Kolla´r–Larsen [KL09, Corollary 25] for another proof of the rational
connectedness of X .
For instance, [Zha91, Example 4.2] gives an explicit calculation for the case (m,n) = (3, 2).
Now by Theorems 4.1.3 and 4.1.1, we know that those varieties containing G-periodic non-uniruled
prime divisors provide potential examples which are not G-equivariant birational to quasi-e´tale torus
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quotients in our setting. Moreover, a positive answer to the question below roughly means that when
r(G) = n− 1 is maximal, X is G-equivariant birational to a quasi-e´tale torus quotient if and only if X
has no non-uniruled G-periodic prime divisor.
Question 4.1.6. Let X be a projective variety of dimension n ≥ 3, and G ≤ Aut(X) such that the
following conditions are satisfied.
(i) X has at worst Q-factorial klt singularities.
(ii) G|NSC(X) is virtually solvable with maximal dynamical rank r(G) = n− 1.
Is it true that the following assertions hold?
(1) Suppose that X does not have any G-periodic non-uniruled prime divisor. Then X is G-equivariant
birational to a quasi-e´tale torus quotient.
(2) Suppose that X has a G-periodic non-uniruled prime divisor. Then X is not G-equivariant birational
to a quasi-e´tale torus quotient.
The theorem below gives an affirmative answer to Question 4.1.6 (2), see also Proposition 4.4.4. The
implications (2) =⇒ (1) and (3) =⇒ (1) below are proved in [Zha16, Theorem 2.4]. We include them
here for the convenience of the reader.
Theorem 4.1.7. LetX be a projective variety of dimension n ≥ 3, andG ≤ Aut(X) such thatG|NSC(X)
is virtually solvable with maximal dynamical rank r(G) = n− 1. Consider the following conditions:
(1) After replacing G by a finite-index subgroup, X is G-equivariant birational to a quasi-e´tale torus
quotient X ′.
(2) After replacing G by a finite-index subgroup, X is G-equivariant birational to a projective variety X ′
with only klt singularities, such that X ′ has no positive-dimensional G-periodic proper subvariety.
(3) After replacing G by a finite-index subgroup, X is G-equivariant birational to a projective variety X ′
with a G-periodic divisor D′, such that (X ′, D′) is Q-factorial klt and KX′ +D′ is pseudo-effective.
(4) Every connected component of the union of positive-dimensional G-periodic proper subvarieties of
X is rationally chain connected.
Then the conditions (1), (2) and (3) are equivalent, and imply the condition (4).
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The following proposition generalizes a well-known result on surface – there are only finitely many
g-periodic curves if g is an automorphism of positive entropy on a projective surface. We prove a result of
this type up to dimension 3. Naturally, we would like to know whether it is still true in higher dimensions.
Proposition 4.1.8. Let X be a projective variety of dimension n = 2 or 3, and G ≤ Aut(X) such that
the following conditions are satisfied.
(i) X has at worst Q-factorial klt singularities.
(ii) G = 〈g1, . . . , gn−1〉 ' Z⊕n−1 is of positive entropy.
Then for any non-trivial g ∈ G, the following assertions hold.
(1) If X is an abelian variety, then there is no g-periodic prime divisor.
(2) If X is not an abelian variety, then there are at most ρ(X)− n of g-periodic prime divisors.
4.2 Preliminary results
Notation 4.2.1. We refer to [KM98] for the standard definitions, notations and terminologies in birational
geometry. For instance, see [KM98, Definitions 2.34 and 2.37] for the definitions of canonical singularity,
Kawamata log terminal singularity (klt), divisorial log terminal singularity (dlt), and log canonical
singularity (lc).
Let X be a normal projective variety. X is called Q-factorial, if every integral Weil divisor M on X
is Q-Cartier, i.e., sM is a Cartier divisor for some integer s ≥ 1.
Let M be an R-Cartier divisor (an R-linear combination of integral Cartier divisors) on X . We call
M is nef, if the intersection M · C ≥ 0 for every irreducible curve C on X . Denote by Nef(X) the
closed cone of all nef R-Cartier divisors on X . We call M is pseudo-effective, if it is contained in the
closure of the cone of all effective R-divisors on X .
For a birational map f : X 99K Y , denote its domain by dom(f). Then for an irreducible subvariety
B of X such that f is defined at the generic point of B, define the birational transform f(B) ⊂ Y as the
Zariski-closure of f(B ∩ dom f) in Y . Then the push-forward f∗B of B under the birational map f is
defined (linearly) as follows:
f∗B :=
 f(B), if dim f(B) = dimB;0, otherwise.
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In particular, if f is isomorphic in codimension-1 and D is a prime divisor, then f∗D = f(D).
For an automorphism g of X , we use g|X to emphasize that g acts on X . For a g-invariant subspace
V of some cohomology space H∗(X,C), we use g∗|V to denote the natural pullback action of g∗ on




is the maximal absolute value of all eigenvalues of g∗|V as a linear
transformation on V .
The result below shows that our notion of the first dynamical degree of an automorphism as in the
introduction is equivalent to the same one on its equivariant resolution, and hence equivalent to the usual
definition in [DS04, §2.1] by Lemma 4.2.3.
Lemma 4.2.2. Let X and Y be two normal projective varieties of dimension n ≥ 2, and f : X → Y a
g-equivariant generically finite surjective morphism. Then we have d1(g|X) = d1(g|Y ). In particular,
g|X is of positive entropy (resp. null entropy) if and only if so is g|Y .
Proof. The proof of [Zha09a, Lemma 2.6] also applies to our situation. Let W → X → Y be a g-
equivariant resolution due to Hironaka [Hir77]. By using the Lefschetz hyperplane theorem (on W ), we
reduce to the surface case. Then both d1(g|X) and d1(g|Y ) are equal to d1(g|W ).
Recall that for a compact Ka¨hler manifold X , the first dynamical degree d1(g) of a surjective
endomorphism g ofX is defined as the spectral radius of the pullback action g∗ onH1,1(X,R) (cf. [NZ09,
§A.2]). The following lemma asserts that for smooth projective varieties these two definitions of d1
(another one given in the introduction) for endomorphisms or automorphisms coincide.
Lemma 4.2.3. (1) Let X be a compact Ka¨hler manifold of dimension n, and g a surjective
endomorphism of X . Let V be a g-invariant subspace of H1,1(X,R) containing a Ka¨hler current B.



















. Let P be the closed cone in H1,1(X,R) consisting
of classes of positive closed (1, 1)-currents, and C := P ∩ V . Note that P is a strictly convex cone
preserved by the pullback action g∗, so is C. Replacing V by the subspace spanned by C, we may assume
that V = C + (−C). Take an interior point B1 ∈ C. Then B′ := B1 + εB is still contained in the interior
of C (also in the interior of P) for sufficiently small ε > 0. Fix a Ka¨hler class ω of X . We can define a
linear form χ : H1,1(X,R)→ R by χ(ξ) = ∫X ξ ∪ ωn−1. Note that for a non-trivial class T in P , one
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has χ(T ) > 0 (cf. [NZ09, Lemmas A.3 and A.4]). So by applying [NZ09, Proposition A.2] to the triplets(
















This proves the assertion (1).
(2) In this case, NSR(X) is a g-invariant subspace ofH1,1(X,R) containing an ample divisor, whose
first Chern class induces a Ka¨hler class. So the assertion (2) follows from the first one. This proves
Lemma 4.2.3.
Consider the following hypotheses. We note that the natural map G|NSR(X) → G|NSC(X) is an
isomorphism, for the comparison with the same hypothesis in [Zha16].
Hyp(A). Let X be a normal projective variety of dimension n ≥ 2, and G ≤ Aut(X) such that the
induced pullback action G∗ := G|NSC(X) is isomorphic to Z⊕n−1, and every element of G∗ \ {id} is of
positive entropy.
Hyp(A’). Let X be a normal projective variety of dimension n ≥ 2, and G ≤ Aut(X) such that
G|NSC(X) is virtually solvable with maximal dynamical rank r(G) = n− 1.
Obviously, Hyp(A) implies Hyp(A’). The converse is also true up to finite-index, by the following
proposition.
Proposition 4.2.4. Suppose that (X,G) satisfies Hyp(A’). Then, replacing G by a finite-index subgroup,
the null-entropy subset N(G) of G is a (necessarily normal) subgroup of G and virtually contained in
the identity connected component Aut0(X) of Aut(X), i.e.,
∣∣N(G) : N(G) ∩Aut0(X)∣∣ <∞.
In particular, the pair (X,G) with G replaced by a finite-index subgroup, satisfies Hyp(A).
Proof. Let pi : X˜ → X be an Aut(X)-equivariant resolution of X (cf. Hironaka [Hir77]). Replacing G
by a finite-index subgroup, we may assume that G|
NSC(X˜)





. On the other hand, for any g ∈ G, we have d1(g|X˜) = d1(g|X) by Lemma 4.2.2.
Thus, if we identify G|
X˜
with G|X , via the natural map pi, then
N(G)|
X˜
= N(G)|X = N(G|X) = N(G|X˜),
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where the second equality holds by definition. By [DHZ15, Theorem 4.1 (1)], we know that N(G)|
X˜
is
virtually contained in Aut0(X˜). Hence N(G)|X is virtually contained in Aut0(X), since the Aut(X)-
equivariant birational morphism X˜ → X induces an isomorphism Aut0(X˜) → Aut0(X). Therefore,
N(G)|NSC(X) = N(G)|NSC(X˜) is finite, since the continuous part Aut
0(X˜) acts trivially on the lattice
NS(X˜) (modulo torsion), and hence acts trivially on NSC(X˜). Now as in [Zha16, Lemma 3.1], replacing







) ' Z⊕n−1, and also G|NSC(X) '
Z⊕n−1.
Let X be a normal projective variety of dimension n ≥ 2, and G ≤ Aut(X). Denote the union of all





where Y runs over all positive-dimensional G-periodic proper subvarieties of X .
The result below follows from the equivariance assumption.
Lemma 4.2.5. Let f : X1 → X2 be a G-equivariant generically finite surjective morphism. Then we
have the following relation:
Per+(X1, G) = f
−1(Per+(X2, G)),
where f−1 denotes the set-theoretical inverse.
In the rest of this section, we prepare some results under Hyp(A). First note that if X is smooth, a
quasi-nef sequence with 1 ≤ k ≤ n
0 6= L1 · · ·Lk ∈ L1 · · ·Lk−1 ·Nef(X) ⊆ Hk,k(X,R)
was constructed in [Zha09b, §2.7]. Here as in [Zha16, Lemma 3.4], we provide a singular version of
[DS04, Theorem 4.3]. Besides, we introduce a nef and big R-Cartier divisor A, which plays an important
role in running the Log Minimal Model Program (LMMP for short) with scaling (cf. [BCHM10, Corollary
1.4.2] or [Bir12, Theorem 1.9 (i)]).
Lemma 4.2.6. Suppose that (X,G) satisfies Hyp(A). Then there are nef R-Cartier divisors Li for




for some characters χi : G→ (R,+), and the group homomorphism
ϕ : G→ (R⊕n−1,+), g 7→ (χ1(g), . . . , χn−1(g))




and satisfies the following:






is a nef and big R-Cartier divisor.
Proof. Let pi : X˜ → X be a G-equivariant resolution of X due to Hironaka [Hir77]. We follow the
proof of [DS04, Theorem 4.3], and consider the action of G on the pullback pi∗Nef(X) of the nef
cone Nef(X) ⊂ NSR(X) (instead of the Ka¨hler cone K(X˜) ⊂ H1,1(X˜,R) there). Then there are nef
R-Cartier divisors pi∗Li with 1 ≤ i ≤ n on X˜ as common eigenvectors of G acting on pi∗NSR(X), i.e.,
g∗(pi∗Li) = expχi(g)pi∗Li, such that χ1 + · · ·+ χn = 0 and the induced homomorphism ϕ satisfies (†).
By taking a push-forward, these Li satisfy g∗Li = expχi(g)Li. For details, see [Zha16, Lemma 3.4] or
[Zha13, proof of Theorems 1.2 and 2.2, p. 137].
Note that A is nef by its definition. Then it is big because
An = (L1 + · · ·+ Ln)n ≥ L1 · · ·Ln > 0.
The latter inequality follows from [DS04, Lemma 4.4]. More precisely, that lemma implies that L1 · · ·Ln
is nonzero and hence positive since these Li are nef.
For a nef R-Cartier divisor L on a projective variety X , define the null locus of L as
Null(L) :=
⋃
L|Z is not big
Z,
where Z runs over all positive-dimensional proper subvarieties of X . Note that L|Z is nef, so it is not big
if and only if LdimZ · Z = 0.
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Lemma 4.2.7 (cf. [Zha16, Lemma 3.9]). Suppose that (X,G) satisfies Hyp(A). Then
Per+(X,G) = Null(A),
and it is a Zariski-closed proper subset of X , where A is constructed in Lemma 4.2.6. In particular, A is
ample if and only if every G-periodic proper subvariety of X is a point.
Below is the key proposition in [Zha16] which was used to prove [Zha16, Theorem 2.4]. Note that
we do not need the pseudo-effectivity of KX +D or dimX ≥ 3.
Proposition 4.2.8 (cf. [Zha16, Proposition 3.11]). Suppose that (X,G) satisfies Hyp(A). Assume that
for some effective R-divisor D whose irreducible components are G-periodic, the pair (X,D) has at
worst Q-factorial klt singularities. Let A =
∑
Li be the nef and big R-Cartier divisor as in Lemma
4.2.6. Replacing G by a finite-index subgroup and A by a large multiple, the following are true.
(1) There is a sequence τs ◦ · · · ◦ τ0 of G-equivariant birational maps:
X = X0
τ099K X1
τ199K · · · τs−199K Xs τs−→ Xs+1 = Y (†)
such that each τj : Xj 99K Xj+1 for 0 ≤ j < s is either a divisorial contraction of a (KXj +Dj)-
negative extremal ray or a (KXj +Dj)-flip; the τs : Xs → Xs+1 = Y is a birational morphism such
that KXs +Ds = τ
∗
s (KY +DY ) is R-Cartier; here Di ⊂ Xi for 0 ≤ i ≤ s+ 1 is the push-forward
of D and DY := Ds+1.
(2) For 0 ≤ i ≤ s+ 1, the push-forward Ai of A on Xi is a nef and big R-Cartier divisor.
(3) For 0 ≤ i ≤ s+ 1, the pair (Xi, Di+Ai) and hence the pair (Xi, Di) have at worst klt singularities;
Xj is Q-factorial for 0 ≤ j ≤ s.
(4) KY +DY +AY is an ample R-Cartier divisor, where AY := As+1.
(5) For 0 ≤ i ≤ s + 1, the union of all positive-dimensional G-periodic proper subvarieties of each
Xi is a Zariski-closed proper subset of Xi. Further, Ai|Z ≡ 0 (numerical equivalence) for every
positive-dimensional G-periodic proper subvariety Z of Xi.




Note that if (X,D) is only a dlt pair, one has the following proposition (but need KX + D to be
pseudo-effective). The main idea is to apply Proposition 4.2.8 to the klt pair
(
X, (1 − ε)D) for some
0 < ε 1.
Proposition 4.2.9 (cf. [Zha16, Proposition 2.6]). Suppose that (X,G) satisfies Hyp(A). Suppose further
that for some effective R-divisor D whose irreducible components are G-periodic, the pair (X,D) has at
worst Q-factorial dlt singularities, and KX +D is a pseudo-effective divisor. Then there is a birational
map X 99K Y such that:
(1) Y is a normal projective variety. The map X 99K Y is surjective in codimension-1. Replacing G by
a finite-index subgroup, the induced action of G on Y is biregular.
(2) The pair (Y,DY ) has only log canonical singularities and KY + DY ∼Q 0, where DY is the
push-forward of D.
(3) Every G-periodic positive-dimensional proper subvariety of Y is contained in the support of DY .
Under Hyp(A), the rank of the Ne´ron–Severi group has the following lower bound (see also [DS04,
Theorem 4.3]).
Lemma 4.2.10. Suppose that (X,G) satisfies Hyp(A). Then we have:
(1) The Picard number ρ(X) ≥ n.
(2) Assume there exists a numerically non-zeroR-Cartier divisor M such that g∗M ≡M for any g ∈ G.
Then ρ(X) ≥ n+ 1.
(3) If ρ(X) = n and KX is Q-Cartier, then KX ≡ 0.
Proof. (1) We use the notations as in Lemma 4.2.6. We first claim that Li for 1 ≤ i ≤ n− 1 are linearly
independent in NSR(X). Indeed, suppose that
∑n−1
i=1 aiLi = 0 for some real numbers ai. Acting on this

















Then there are two characters χj1 and χj2 (depending on g) such that χj1(g) = χj2(g) (using




is contained in a
finite union of hyperplanes. This is a contradiction (cf. Lemma 4.2.6). Thus the claim holds.
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Next, we only need to show that Ln is not a linear combination of those Li with i < n. This can
be seen by the construction of such Ln (cf. [DS04, proof of Theorem 4.3]). In fact, there is an f ∈ G
of positive entropy such that the coordinates of ϕ(f) in R⊕n−1 are all strictly negative, and hence
f∗Ln = d1(f)Ln (cf. Lemma 4.2.3). Suppose that Ln =
∑n−1
i=1 biLi for some real numbers bi. Let f act





















bi = 0 for any i. It follows that all bi vanish, since d1(f) > 1 >
expχi(f). Hence L1, . . . , Ln are linearly independent, so ρ(X) ≥ n.
(2) By the assertion (1), it suffices to show that the numerical equivalence class [M ] ( 6= 0) is not
a linear combination of the classes of L1, . . . , Ln in NSR(X). Suppose to the contrary that M ≡∑n
k=1 ckLk for some real numbers ck. Letting the f as in the assertion (1) act on both sides, we have
n∑
k=1







ck expχk(f)Lk + cnd1(f)Ln,
which implies that ck = 0 for all k, because d1(f) > 1 > expχk(f). Hence M ≡ 0, which is a
contradiction.
(3) It follows from the assertion (2) by taking M = KX .
Proposition 4.2.11. Suppose that (X,G) satisfies Hyp(A) and X has at worst Q-factorial klt
singularities. Let B1, . . . , Bs be distinct G-periodic prime divisors on X . Then we have:
(1) If the irregularity q(X) = 0, then B1, . . . , Bs are linearly independent in NSQ(X). In particular,
they are linearly independent in NSR(X).
(2) If there is a projective birational morphism X → X ′ such that B1, . . . , Bs are exceptional divisors,
then they are linearly independent in NSR(X).5
(3) If B1, . . . , Bs are linearly independent in NSR(X), then s ≤ ρ(X)− n.
5The linear independence of exceptional divisors is a purely birational geometric property. Actually, we do not need Bi to
be G-periodic in the proof of the assertion (2).
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Proof. (1) Replacing G by a finite-index subgroup, we may assume that all of Bi have been stabilized by
G. Suppose to the contrary that these Bi are linearly dependent in NSQ(X). Then we have
∑s
i=1 aiBi ≡






bjBj =: E2, where ai, bj = −aj are positive rational numbers. Since
q(X) = 0 by assumption, we have E1 ∼ E2 (linear equivalence) after replacing Ei by some multiples.
Hence the Iitaka D-dimension κ := κ(X,E1) ≥ 1.





rise to the Iitaka fibration associated to E1, so that its image has dimension equal to κ. Take a G-
equivariant resolution pi : X˜ → X (cf. Hironaka [Hir77]), such that the linear system |pi∗E1| equals
|M |+F , whereM is base point free, F is the fixed component of |pi∗E1|, and both of their divisor classes




is birational to the G-equivariant






with dimY = κ.
If κ = n, then M is a nef and big divisor. So by [Zha09a, Lemma 2.23], G is virtually contained in
Aut0(X˜) and hence is of null entropy on X˜ , and also on X (cf. Lemma 4.2.2). This contradicts that the
dynamical rank r(G) = n− 1 ≥ 1. Thus we have 1 ≤ κ ≤ n− 1. In other words, Φ|M | is a non-trivial
G-equivariant fibration with general fibres of dimension n − κ ∈ {1, . . . , n − 1}. Then by [Zha09b,
Lemma 2.10], the dynamical rank r(G) ≤ n − 2, which contradicts Hyp(A). So we have proved the
linear independence of these Bi in NSQ(X).
The second part of the assertion (1) follows from a linear algebra argument as in Lemma 4.3.2.
(2) Suppose that these Bi are linearly dependent in NSR(X). Then we have
∑s
i=1 aiBi ≡ 0 in






bjBj =: E2, where ai, bj are positive real numbers. By the negativity of
contraction (cf. [BCHM10, Lemma 3.6.2 (1)]), there exists a Bi0 for some 1 ≤ i0 ≤ s1 which is covered
by curves Σ such that E1 ·Σ < 0. However, for a general curve Σ in the covering family of Bi0 , we have
Bj · Σ ≥ 0 for any s1 + 1 ≤ j ≤ s2 and hence E2 · Σ ≥ 0. This is a contradiction.
(3) We continue using the notations as in Lemmas 4.2.6 and 4.2.10. By the argument similar to
the proof of Lemma 4.2.10 (2), we can show that L1, . . . , Ln, B1, . . . , Bs are linearly independent in
NSR(X). Thus we have n+ s ≤ ρ(X). This ends the proof of Proposition 4.2.11.
The following lemma generalizes a fact, which asserts that every effective divisor on an abelian
variety is indeed nef.
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Lemma 4.2.12. Suppose that pi : T → X is a finite surjective morphism between normal projective
varieties. Suppose further that T satisfies one of the following conditions.
(i) T has at worst klt singularities and contains no rational curve; KT ∼Q 0.
(ii) T is an abelian variety.
Then we have:
(1) Every pseudo-effective R-Cartier divisor on X is nef.
(2) Every big R-Cartier divisor on X is ample.
Proof. Since pi is finite and by the projection formula, an R-Cartier divisor D on X is pseudo-effective,
big, nef or ample if and only if so is pi∗D. Thus we only need to prove this lemma for X = T . Further,
we may assume that T satisfies the condition (i) since the condition (ii) implies the condition (i). By
the Kodaira lemma, which states that every big R-divisor is the sum of an ample Q-divisor and an
effective R-divisor (cf. [Nak04, Lemma 3.16]), it suffices to prove the assertion (1). Since the cone of all
pseudo-effective R-Cartier divisors on T is the closure of the cone of all effective R-Cartier divisors on
T in NSR(T ) and the nef cone Nef(T ) is closed, we only need to show that every effective R-Cartier
divisor on T is nef. For this, it suffices to show that every effective Cartier divisor on T is nef. Suppose
to the contrary that some effective Cartier divisor D on T is not nef. By [KM98, Corollary 2.35], (T, εD)
is klt for all sufficiently small rational number ε > 0. Now KT + εD ∼Q εD is not nef. Therefore,
applying the Cone Theorem in MMP to (T, εD) (cf. [KM98, Theorem 3.7]), we obtain an extremal
rational curve on T , which contradicts the condition (i). This proves Lemma 4.2.12.
The following result proves the implication (1) =⇒ (2) in Theorem 4.1.7.
Lemma 4.2.13. Let X be a quasi-e´tale torus quotient T/F for some abelian variety T and a finite
group F acting freely outside a codimension-2 subset of T , and G ≤ Aut(X) such that (X,G) satisfies
Hyp(A). Then X has no positive-dimensional G-periodic proper subvariety.
Proof. Let T˜ → X be the Galois covering (or minimal split covering in the sense of Beauville; see
[Bea83, §3]) corresponding to the unique maximal lattice L in pi1
(
X \ SingX) such that T˜ is an abelian
variety. Then there exists a group G˜ (which is the lifting of G) acting faithfully on T˜ , such that G = G˜/F .
See also [Zha13, §2.15]. Note that the action of G on X can be identified with a not necessarily faithful
action of G˜ on X (with finite kernel). Replacing G˜ by a finite-index subgroup, we may assume that the
new G˜ acts faithfully on both T˜ and X (cf. [Zha13, Lemma 2.4]), and both (T˜ , G˜) and (X, G˜) satisfy
66
4.3. Some general results from birational geometry
Hyp(A) (cf. [Zha16, Lemma 3.1]). By Lemma 4.2.12, the nef and big R-Cartier divisor A˜ on T˜ as
constructed in Lemma 4.2.6, is ample. Hence every G˜-periodic proper subvariety of T˜ is a point (see
Lemma 4.2.7). The same holds for X by Lemma 4.2.5.
4.3 Some general results from birational geometry
In this section, we prepare some general results which will be used in the section 4.4 to prove the main
theorems. They should be of interest in their own right.
We first quote the following result, which will be frequently used in the sequel of this chapter.
Lemma 4.3.1 (cf. [HM07, Corollary 1.5]). Let (X,∆) be a dlt pair for some effective Q-divisor ∆ and
φ : W → X a birational projective morphism. Denote by Excφ the exceptional locus of φ, i.e., the
subset of W along which φ is not an isomorphism. Then we have:
(1) Every fibre of φ is rationally chain connected.
(2) Every irreducible component of Excφ is uniruled. In particular, if D is a non-uniruled prime divisor
on W , then the image of D on X is still a divisor.
Below is an easy fact, but we give the proof for the convenience of the reader.
Lemma 4.3.2. Let X be a normal projective variety and D a Weil Q-divisor. If D is R-Cartier, then it
is Q-Cartier.
Proof. Since D is R-Cartier, we may write D =
∑n
i=1 riDi for some ri ∈ R and some integral Cartier
divisors Di. On the other hand, since D is a Weil Q-divisor, D =
∑m
j=1 bjPj for some bj ∈ Q and some
prime Weil divisors Pj . Write Di =
∑m

















riaij , 1 ≤ j ≤ m,
i.e.,
A · r = b,
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where A = (aij)ᵀ is an integral m× n matrix, r = (r1, . . . , rn)ᵀ ∈ Rn and b = (b1, . . . , bm)ᵀ ∈ Qm.
In other words, A · x = b has one real solution x = r. So it has at least one rational solution
(q1, . . . , qn)
ᵀ ∈ Qn, since both A and b are rational. Now D = ∑ni=1 qiDi. Thus D is Q-Cartier.
It is well-known that the birational automorphism group of a projective variety of general type is
finite. Below is a similar result.
Lemma 4.3.3. Let X be a non-uniruled normal projective variety, and G ≤ Aut(X) such that the linear
equivalence class of an ample divisor H is G-periodic. Then G is finite.
Proof. Replacing H by a large multiple, we may assume that H is very ample and hence the complete
linear system |H| defines a closed embedding from X into some projective space PH0(X,OX(H)) '
PN . Identify X with its image. Replacing G by a finite-index subgroup, we may assume that G itself
stabilizes the linear equivalence class of H . Thus the above embedding is G-equivariant. So G is
contained in Aut(PN , X), the Zariski-closed subgroup of Aut(PN ) stabilizing X . Suppose to the
contrary that G is not finite. Then the linear algebraic group Aut(PN , X) contains the 1-dimensional
linear algebraic group Ga or Gm, whose orbit of a general point is a rational curve. But our X is
non-uniruled. This is a contradiction. Hence G is finite.
We give a criterion for the log canonical divisor KX +D to be pseudo-effective. See [LZ15, Theorem
1.4 or 3.7] for a more general form.
Lemma 4.3.4. Let X be a rationally connected normal projective variety, and D a non-uniruled prime
divisor such that KX +D is Q-Cartier. Then KX +D is pseudo-effective.
Proof. Take a log resolution X˜ → X for the pair (X,D), and denote by D˜ the proper transform of D.
Note that the push-forward of a pseudo-effective divisor is still pseudo-effective. Hence we may replace
the pair (X,D) by (X˜, D˜), and assume that it is Q-factorial dlt now.
Suppose to the contrary that KX +D is not pseudo-effective. We shall follow the proof of [LZ15,
Theorem 3.7]. After running a (KX + D)-MMP with an ample scaling, we reach a Fano fibration
h : W → Y as follows (cf. [BCHM10, Corollary 1.3.3])
X = X0
f0 // X1
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Note that each fi above is either a divisorial contraction of a (KXi + Di)-negative extremal ray or a
(KXi + Di)-flip, where Di ⊂ Xi is the push-forward of D. So (Xi, Di) is still Q-factorial and dlt
(cf. [KM98, Corollary 3.44]). Thus DW := Dm, as the push-forward of D on W , is still a non-uniruled
prime divisor since so is D (see Lemma 4.3.1). Then the argument in [LZ15, 4.7, proof of Theorem 3.7]
asserts that h : W → Y is a P1-fibration with DW a cross-section. Hence DW is birational to Y via the
restriction map h|DW . Since X is rationally connected, so are each Xi and the h-image Y of W . Thus
DW is rationally connected and hence uniruled. This is a contradiction. So the lemma is proved.
The following two lemmas provide sufficient conditions to have canonical singularities.
Lemma 4.3.5 (cf. [HMZ14, Lemma 2.4]). Let X be a non-uniruled normal projective variety of
dimension n, and D an effective Weil R-divisor such that KX + D is R-Cartier and KX + D ≡ 0
(numerical equivalence). Then D = 0 and X has at worst canonical singularities.
Proof. We follow the proof of [HMZ14, Lemma 2.4]. Take a log resolution pi : X˜ → X for the pair
(X,D), and denote the proper transform of D by D˜. Note that X˜ is also non-uniruled. Then by [BDPP13,
Theorem 2.6], K
X˜
is pseudo-effective and hence admits a Zariski σ-decomposition K
X˜
= P +N , where
the R-divisors P and N are the movable part and the negative part of K
X˜
, respectively (cf. [Nak04,
Ch. III, §1.b]). On the other hand, we have
K
X˜
+ D˜ = pi∗(KX +D) + E1 − E2 ≡ E1 − E2, (4.1)
where E1 and E2 are effective pi-exceptional divisors and have no common component. Thus it follows
that
E1 ≡ P +N + D˜ + E2.
Since E1 − (N + D˜ +E2) is numerically equivalent to the movable divisor P , we have N + D˜ +E2
larger than or equal to the negative part of the Zariski σ-decomposition of E1, while the latter is just E1
itself (cf. [Nak04, Ch. III, Proposition 1.14]). Namely, N + D˜ + E2 ≥ E1. Take a general ample divisor
H on X˜ . Then
0 = Hn−1 · (P +N + D˜ + E2 − E1) = Hn−1 · P +Hn−1 · (N + D˜ + E2 − E1) ≥ 0.
Hence 0 = Hn−1 ·P = Hn−1 · (N + D˜+E2−E1). Moreover, since N + D˜+E2−E1 is effective, by
the Nakai–Moishezon criterion for ampleness, it is zero, i.e., E1 = N + D˜ + E2. Now since E1 and E2
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have no common component, we have E2 = 0. Hence E1 = N + D˜. Since D˜ is the pi-proper transform
of D and E1 is pi-exceptional, D˜ = 0. Thus D = 0 too.
The second part follows from the equation (4.1) (with E2 = 0 now) by definition.
Lemma 4.3.6. Let X be a rationally connected normal projective variety, and D a non-uniruled prime
divisor such that KX +D is Q-Cartier and KX +D ≡ 0. Then (X,D) has only canonical (and hence
dlt) singularities. In particular, the prime divisor D itself as a variety is normal.
Proof. Take a log resolution pi : X˜ → X for the pair (X,D), and denote the proper transform of D by
D˜. Note that X˜ is still rationally connected and D˜ is non-uniruled. So K
X˜
+ D˜ is pseudo-effective by
Lemma 4.3.4, and hence admits a Zariski σ-decomposition K
X˜
+ D˜ = P +N as in Lemma 4.3.5. On
the other hand, we have
K
X˜
+ D˜ = pi∗(KX +D) + E1 − E2 ≡ E1 − E2,
where E1 and E2 are effective pi-exceptional divisors and have no common component. Then it follows
that E1 ≡ P + N + E2. Now the same argument as in Lemma 4.3.5 implies that E2 = 0, and hence
(X,D) has only canonical singularities by definition. The final assertion comes from [KM98, Proposition
5.51 or Corollary 5.52].
When X is a surface, we have a more specific description of X and its periodic curves.
Lemma 4.3.7. Let X be a normal projective surface with an automorphism g of positive entropy, and C
a g-periodic curve. Then either X is a rational surface, or C is a rational curve.
Proof. Replacing X by a g-equivariant resolution of singularities due to Hironaka [Hir77], we may
assume that X is smooth. Since X admits an automorphism of positive entropy, by [Can99, Proposition
1], either X is a rational surface, or it has Kodaira dimension κ(X) = 0.
Thus we have only to consider (and rule out) the case where κ(X) = 0 and C is irrational. Let
X → Xm be the smooth blowdown to the (unique smooth) minimal model of X . Note that the image
Cm of C is still a curve by Lemma 4.3.1, and g descends to an automorphism on Xm. So we may replace
(X,C) by (Xm, Cm), and assume that X is minimal. Hence KX ∼Q 0. More precisely, X is either a
K3 surface, or an Enriques surface, or an abelian surface (cf. [Can99, Proposition 1]).
Replacing g by some power, we may assume that g stabilizes the curve C. The generalized Perron–
Frobenius theorem due to Birkhoff asserts that (g±1)∗Lg±1 = d1(g±1)Lg±1 for some nonzero nef divisors
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Lg±1 . Then A := Lg + Lg−1 is nef and also big since A2 ≥ Lg · Lg−1 > 0. It is perpendicular to C
because d1(g±1) > 1. Indeed,
Lg±1 · C = (g±1)∗(Lg±1 · C) = (g±1)∗Lg±1 · (g±1)∗C = d1(g±1)Lg±1 · C. (4.2)
It follows that Lg±1 ·C = 0, and hence A ·C = 0. Thus C2 < 0 by the Hodge index theorem (cf. [Har77,
Chapter V, Theorem 1.9 and its Remark]), since A2 > 0.
On the other hand, by the arithmetic genus formula, we have
0 > C2 = (KX + C) · C = 2pa(C)− 2 ≥ 0,
since C is irrational. This is a contradiction. Lemma 4.3.7 is proved.
Remark 4.3.8. Suppose X is a smooth projective rational surface with an automorphism g of positive
entropy. Then K2X < 0. Indeed, since g
∗KX ∼ KX , we have A ·KX = 0 as calculated in the equation
(4.2) of the lemma above with C replaced by KX . Hence either KX ≡ 0, or K2X < 0. Since X is a
smooth rational surface, KX is not numerically trivial, so K2X < 0.
If C is a g-periodic curve on X , then the arithmetic genus pa(C) ≤ 1. Otherwise, the Riemann–Roch




) ≥ χ(OX) + 1
2
C · (KX + C) = pa(C) ≥ 2.
So the nef part of the Zariski-decomposition of KX + C is nonzero and g-invariant, contradicting
d1(g) > 1.
We end this section with the following rigidity result for the proof of Proposition 4.1.8 (2). It follows
from [KM98, Lemma 1.6] and [Deb01, Proposition 1.14 or Lemma 1.15].
Lemma 4.3.9 (Rigidity Lemma). Let f : X → Y be a projective surjective morphism of normal varieties.
Suppose that all fibres of f are connected and of the same dimension. Let f ′ : X → Y ′ be another
projective morphism of varieties such that f ′(f−1(y0)) is a point for some y0 ∈ Y . Then there is a unique
morphism pi : Y → Y ′ such that f ′ = pi ◦ f .
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4.4 Generalizations of Theorems 4.1.2 and 4.1.3, and their proofs
Theorem 4.1.2 will follow from a more general form below. For a projective variety V , we take a
resolution V˜ → V and define the Albanese map
albV : V // Alb(V ) := Alb(V˜ )
as the natural composition V // V˜
alb
V˜ // Alb(V˜ ). It is known that albV is a well-defined morphism
when V has at worst rational singularities.
Theorem 4.4.1. Let X be a projective variety of dimension n ≥ 2, and G ≤ Aut(X) such that the
following conditions are satisfied.
(i) X has at worst Q-factorial klt singularities.
(ii) G|NSC(X) is virtually solvable with maximal dynamical rank r(G) = n− 1.
Then after replacing G by a finite-index subgroup, the following assertions hold.
(1) The union Per+(X,G) of all positive-dimensional G-periodic proper subvarieties of X is a Zariski-
closed proper subset of X .
(2) Let Per+(X,G) = Z1 ∪Z2 ∪ · · · ∪Zm be the irreducible decomposition. Then either Zk is uniruled,
or a finite-index subgroup of G fixes Zk pointwise.
(3) The Picard number ρ(X) ≥ n. If ρ(X) = n ≥ 3, then X is G-equivariant birational to a quasi-e´tale
torus quotient.
(4) Either X is an abelian variety and hence has no positive-dimensional G-periodic proper subvariety,
or X has at most ρ(X)− n of distinct G-periodic prime divisors.
Before proving Theorem 4.4.1 we prepare the following two lemmas.
Lemma 4.4.2. Suppose that we have the sequence (†) of G-equivariant birational maps as in Proposition
4.2.8. Then we have the following relations among the Per+(Xi, G).
(1) For a divisorial contraction τi with 0 ≤ i < s and for the birational morphism τi with i = s, we have







Moreover, every irreducible component of the exceptional locus Exc τi is uniruled.
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then there is a Zariski-closed subset ∆i ⊂ Vi such that
Exc f = f−1(∆i) and Exc f+ = (f+)−1(∆i).
Further,
Per+(Xi, G) = f
−1(Per+(Vi, G)) and Per+(Xi+1, G) = (f+)−1(Per+(Vi, G)).
Every irreducible component of the flipping locus Exc f or the flipped locus Exc f+ is uniruled.
Proof. (1) The first part follows directly from Lemma 4.2.5. For the second one, we know that every
(Xi, Di) is klt (so is dlt) by Proposition 4.2.8 (3). Then it follows from Lemma 4.3.1 that every irreducible
component of Exc τi is uniruled.
(2) The first part follows from the uniqueness of flips (cf. [KM98, Lemma 6.2 and Corollary 6.4]).
Now the second part follows, using also the G-equivariance of the morphisms f and f+ and Lemma
4.2.5.
Hence we still have to prove the last part. We assume that f is a contraction of a (KXi +Di)-negative
extremal ray R≥0[`]. Choose a suitable ample divisor H such that
(KXi +Di + εH) · ` = 0 and (Xi, Di + εH) is still klt
for some 0 < ε 1. By the Cone Theorem in MMP (cf. [KM98] or [Fuj11, Theorem 1.1]), there is an
R-Cartier divisor Θi on Vi such that
KXi +Di + εH = f
∗Θi.
By the projection formula, Θi = KVi + f∗Di + εf∗H . Then (Vi, f∗Di + εf∗H) is a klt pair. So Lemma
4.3.1 implies the last part. We have proved Lemma 4.4.2.
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The following lemma tells us the relationship among the irreducible components of these Per+(Xi, G).
We will also use this lemma to prove Theorem 4.4.5 (2) later.
Lemma 4.4.3. Under the assumption of Lemma 4.4.2, for any 0 ≤ i ≤ s, every non-uniruled irreducible
component of Per+(Xi, G) is G-equivariant birational to some irreducible component of Per+(Xi+1, G)
by τi, which is then isomorphic at the generic point of that irreducible component.
Proof. We use the same notation as in Lemma 4.4.2. Let Zi be any non-uniruled irreducible component
of Per+(Xi, G).
If τi is a divisorial contraction for some 0 ≤ i < s or τs, by Lemma 4.4.2 (1) above, Zi is not
contained in the exceptional locus of τi. Hence Zi is G-equivariant birational to its birational transform
in Xi+1, and the latter is also an irreducible component of Per+(Xi+1, G).
If τi is a flip for some 0 ≤ i < s, by Lemma 4.4.2 (2), Zi is not contained in the exceptional locus
of f : Xi → Vi. Hence Zi is G-equivariant birational to its birational transform in Vi, and the latter one
is G-equivariant birational to its proper transform in Xi+1 via the map f+ : Xi+1 → Vi. This last one
in Xi+1 is also the birational transform of Zi via the birational map τi : Xi 99K Xi+1, and hence an
irreducible component of Per+(Xi+1, G). In the above argument, we use the fact that both exceptional
loci of f : Xi → Vi and f+ : Xi+1 → Vi lie over the same Zariski-closed subset ∆i ⊂ Vi.
Proof of Theorem 4.4.1. By Proposition 4.2.4, replacing G by a finite-index subgroup, we may assume
that (X,G) satisfies Hyp(A). So we can apply Proposition 4.2.8 by choosing D = 0. Then our assertion
(1) is just Proposition 4.2.8 (5).
Proof of Assertion (2). We are going to prove this assertion by the backward induction on the index
i of Xi. We will use the sequence (†) of G-equivariant birational maps as in Proposition 4.2.8 with
D = 0. Recall that for 0 ≤ i ≤ s+ 1, Ai (an R-Cartier divisor) denotes the push-forward of A on Xi,
where A =
∑
Li is a nef and big R-Cartier divisor as constructed in Lemma 4.2.6. By Proposition
4.2.8 (5), we know that Ai|Z ≡ 0 for every positive-dimensional G-periodic proper subvariety Z of Xi.
Replacing G by a finite-index subgroup, we may assume that G stabilizes every irreducible component of
Per+(Xi, G).
Let Z be an irreducible component of Per+(Y,G). By Proposition 4.2.8 (4) (with D = 0 always in
the current theorem), we know that KY +AY is an ample R-Cartier divisor on Y . Then KY |Z is also an
ample R-Cartier divisor on Z since AY |Z ≡ 0. Assume further that Z is non-uniruled. Then by Lemma
4.3.3 applied to H := KY |Z , we know that G|Z is finite. Hence a finite-index subgroup of G fixes Z
pointwise. So the assertion (2) holds true on Y = Xs+1.
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By induction we assume that for any irreducible component Zi+1 of Per+(Xi+1, G), either Zi+1
is uniruled, or a finite-index subgroup of G fixes Zi+1 pointwise. Now we choose any irreducible
component Zi of Per+(Xi, G). Assume further that this Zi is non-uniruled. Then by Lemma 4.4.3, Zi
is G-equivariant birational to its birational transform in Xi+1 by τi, and the latter is also an irreducible
component of Per+(Xi+1, G). By the inductive hypothesis, a finite-index subgroup of G fixes that latter
birational transform of Zi, and then it also fixes Zi pointwise. This proves the assertion (2).
Proof of Assertion (3). The first part of the assertion (3) has been proved by Lemma 4.2.10. If ρ(X) = n,
the same lemma also tells us that KX is numerically trivial. Then KX is pseudo-effective. Thus the
second part follows from [Zha16, Theorem 2.4] (under the condition (ii) there).
Proof of Assertion (4). By Lemma 4.2.13, we only need to consider the case that X is not an abelian
variety. We first assume that the irregularity q(X) > 0. By Hironaka [Hir77], we can take an Aut(X)-
equivariant resolution pi : X˜ → X . Then q(X˜) = q(X) > 0 because X has only klt and hence
rational singularities (cf. [KM98, Theorem 5.22]). By [Zha09b, Lemma 2.13], alb
X˜
is a (necessarily
Aut(X˜)-equivariant) surjective birational morphism. Hence the same holds for albX because X has only
rational singularities. Note that for any G-periodic prime divisor D on X , the image albX(D) of D is a
G-periodic subvariety of the abelian variety Alb(X). It follows from Lemma 4.2.13 again that such D
is albX -exceptional. Then we get the upper bound of distinct G-periodic prime divisors by Proposition
4.2.11. Next we assume that q(X) = 0. Suppose that X has s of G-periodic prime divisors B1, . . . , Bs.
Then the upper bound of s has been given by Proposition 4.2.11. This proves the assertion (4).
We have completed the proof of Theorem 4.4.1.
The proposition below gives an affirmative answer to Question 4.1.6 (2).
Proposition 4.4.4. Suppose that (X,G) satisfies Hyp(A). Suppose further that X is G-equivariant
birational to a quasi-e´tale torus quotient. Then we have:
(1) Every connected component Zk of Per+(X,G) (i.e., the union of all positive-dimensional G-periodic
proper subvarieties of X) is rationally chain connected.
(2) Every irreducible component of Per+(X,G) is uniruled. In particular, Question 4.1.6 (2) has a
positive answer.
Proof. Since the assertion (2) follows readily from the first one, we prove only the assertion (1). Suppose
thatX isG-equivariant birational to a quasi-e´tale torus quotient Y := T/F for some abelian variety T and
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a finite group F (note that Y is klt). Since the image of a rationally chain connected Zariski-closed set is
still rationally chain connected, we may replace X 99K Y by a G-equivariant resolution of indeterminacy
(cf. Hironaka [Hir77]), and assume that X → Y is already a G-equivariant birational morphism (see
Lemma 4.2.5 and [Zha16, Lemma 3.1]). Note that the image of Zk on Y is G-periodic and hence a point
P by Lemma 4.2.13. By Zariski’s main theorem, the inverse image on X of the point P on the normal
variety Y is connected. This inverse of P is also G-periodic and contains Zk, so it equals Zk, since Zk is
a connected component of Per+(X,G). Then by Lemma 4.3.1, Zk is rationally chain connected.
Theorem 4.1.3 is a direct consequence of the following theorem (by taking a G-equivariant log
resolution).
Theorem 4.4.5. Let X be a projective variety of dimension n ≥ 2, and G ≤ Aut(X) such that the
following conditions are satisfied.
(i) G|NSC(X) is virtually solvable with maximal dynamical rank r(G) = n− 1.
(ii) X contains a G-periodic non-uniruled prime divisor D such that (X,D) has at worst Q-factorial
dlt singularities.
Then after replacing G by a finite-index subgroup, we have:
(1) X is rationally connected, and the Picard number ρ(X) ≥ n+ 1.
(2) Let Z1 ∪ Z2 ∪ · · · ∪ Zm be the irreducible decomposition of the union of all positive-dimensional
G-periodic proper subvarieties of X , with Z1 = D. Then for k ≥ 2, Zk is uniruled. In particular,
every G-periodic prime divisor, other than D, is uniruled.
(3) A finite-index subgroup of G fixes D pointwise.
Furthermore, there exists a surjective in codimension-1 G-equivariant birational map X 99K Y with DY
the push-forward of D, such that the following are true.
(4) Every positive-dimensional G-periodic proper subvariety of Y is contained in DY . In particular, the
positive-dimensional part of Sing Y is contained in DY .
(5) KY + DY ∼Q 0; both KY and DY are Q-Cartier; the pair (Y,DY ) and hence Y both have at
worst canonical singularities.
(6) DY has at worst canonical singularities and KDY ∼Q 0.
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(7) −mDY |DY is an ample Cartier divisor on DY for some integer m > 0.
Remark. The order of our proof of this theorem is (1), (3), (4), (5), (6), (7) and (2).
Proof. The assumption implies that X is also klt, so the conditions of Theorem 4.4.1 are satisfied and we
may apply Theorem 4.4.1. Replacing G by a finite-index subgroup, we may assume that D is stabilized
by G and (X,G) satisfies Hyp(A) (see Proposition 4.2.4). By the affirmative answer to Question 4.1.6
(2) (see Proposition 4.4.4), X is not G-equivariant birational to a quasi-e´tale torus quotient.
Proof of Assertion (1). We first show that X is rationally connected. The surface case has been dealt with
by Lemma 4.3.7, so we only consider the case n ≥ 3. Suppose to the contrary that X is not rationally
connected. Replacing G by a finite-index subgroup, X is G-equivariant birational to a quasi-e´tale torus
quotient (cf. [Zha16, Theorem 2.4]). This contradicts Proposition 4.4.4.
The second part follows from Proposition 4.2.11 with B1 := D. The assertion (1) is proved.
The assertion (3) is a direct consequence of Theorem 4.4.1 (2), since D is a G-periodic non-uniruled
prime divisor.
Proof of Assertion (4). By the assertion (1) above, we can apply Lemma 4.3.4 and say that KX + D
is pseudo-effective. This in turn allows us to apply Proposition 4.2.9 to the dlt pair (X,D). Note that
the G-equivariant birational map X 99K Y is originally constructed in Proposition 4.2.8 for the pair
(X, (1− ε)D) with ε > 0 sufficiently small. Then the assertion (4) comes readily from Proposition 4.2.9
(3).
Proof of Assertion (5). We first prepare the following for the proof of this assertion. Note that (X,D)
is dlt, then (X,Dε) is klt, where Dε := (1− ε)D for some 0 < ε 1 (cf. [KM98, Proposition 2.41]).




τ199K · · · τs−199K Xs τs−→ Xs+1 = Y (??)
such that each τj : Xj 99K Xj+1 for 0 ≤ j < s is either a divisorial contraction of a (KXj + Dε,j)-
negative extremal ray or a (KXj +Dε,j)-flip; the τs : Xs → Xs+1 = Y is a birational morphism such
that
KXs +Dε,s = τ
∗
s (KY +Dε,Y );
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here Dε,i ⊂ Xi for 0 ≤ i ≤ s+ 1 denotes the push-forward of Dε. It follows from [KM98, Corollaries
3.42 and 3.43] that each (Xi, Dε,i) for 0 ≤ i ≤ s is klt. So (Y,Dε,Y ) is also klt. In particular, by Lemma
4.3.1, each Dε,i for 0 ≤ i ≤ s+ 1 is indeed a divisor since D is non-uniruled.
Now the first part of the assertion (5), i.e., KY +DY ∼Q 0, follows from Proposition 4.2.9 (2).
By the first part we have proved and Proposition 4.2.8 (4), we know that
−εDY +AY ∼Q KY + (1− ε)DY +AY
is an ample R-Cartier divisor. Note also that AY is R-Cartier by Proposition 4.2.8 (2), and then so is
DY . Hence by Lemma 4.3.2, DY is Q-Cartier, and then so is KY .
Note that Y is rationally connected (since so is X) and DY is a non-uniruled divisor. Hence
KY +DY ∼Q 0 implies that (Y,DY ) has only canonical singularities (and DY is a normal variety) by
Lemma 4.3.6, so does Y (cf. [KM98, Corollary 2.35]). This proves the assertion (5).
Proof of Assertion (6). By the adjunction theorem for dlt pairs (cf. [Fuj07, Proposition 3.9.2] or [K+92,
§16 and §17]), there exists an effective divisor DiffDY (0) on DY such that
KDY + DiffDY (0) = (KY +DY )|DY ∼Q 0.





, we have DiffDY (0) = 0 and DY has at worst canonical singularities. Thus
KDY ∼Q 0. This proves the assertion (6).
Proof of Assertion (7). By the assertion (4) we have proved, every positive-dimensional G-periodic
subvariety of Y is contained in DY , so Per+(Y,G) = DY . In particular, by Proposition 4.2.8 (5), we
haveAY |DY ≡ 0. We already see in the proof of the assertion (5) that−εDY +AY is an ampleR-Cartier
divisor, and then so is (−εDY +AY )|DY ≡ −εDY |DY . Note that by the assertion (5), DY is Q-Cartier.
The assertion (7) follows.
Proof of Assertion (2). Suppose to the contrary that some Zk with k ≥ 2 is non-uniruled. Note that in
our proof of the assertion (5), we applied Proposition 4.2.8 to the klt pair (X,Dε) and produced the
sequence (??) of G-equivariant birational maps. So by Lemma 4.4.3, such Zk is G-equivariant birational
to some irreducible component of Per+(Y,G) by τs ◦ · · · ◦ τ0, which is isomorphic at the generic point of
Zk. On the other hand, the assertion (4) says that Per+(Y,G) = DY has only one irreducible component.
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So such Zk is birational to DY . By the irreducibility of Zk we know that Zk coincides with D = Z1,
which is a contradiction. This ends the proof of the assertion (2).
We have completed the proof of Theorem 4.4.5.
Proof of Theorem 4.1.3. Take a G-equivariant log resolution pi : X˜ → X for the pair (X,D), and denote
by D˜ the proper transform ofD. Note that D˜ is still aG-periodic non-uniruled prime divisor. ReplacingG
by a finite-index subgroup, (X˜,G) satisfies the conditions (i) and (ii) of Theorem 4.4.5 (see Proposition
4.2.4 and [Zha16, Lemma 3.1]). Thus the assertions (1) ∼ (6) in Theorem 4.4.5 holds for X˜ . This
completely implies the corresponding assertions in Theorem 4.1.3 for X . We show the assertion (2)
for instance. Suppose that X has a G-periodic prime divisor D2 different from D. Then the pi-proper
transform D˜2 of D2 is an irreducible component of Per+(X˜,G) different from D˜, so it is uniruled by
Theorem 4.4.5 (2). Hence D2 is uniruled.
Remark 4.4.6. With the assumption and notation in Theorem 4.4.5, we have:
(1) Note that the positive-dimensional part of the singular locus Sing Y of Y is contained in DY by
Theorem 4.4.5 (4). So we have
dim(Sing Y ) ≤ max{0, dimY − 3}.
Indeed, by Theorem 4.4.5 (5), (Y,DY ) has at worst canonical singularities. After (dimY − 2)-
times hyperplane cutting as in [KM98, Corollary 5.18], we reach a canonical surface pair (S,DS)
(cf. [KM98, Lemma 5.17 (1)]). So by [KM98, Theorem 4.5], DS ∩ SingS = ∅, and hence Y
is smooth at its codimension-2 points lying inside DY . This shows that dim(DY ∩ Sing Y ) ≤
max{0,dimY − 3}.
(2) Suppose dimY = 2. Then Y is smooth in a neighborhood of DY , and DY is a (smooth) elliptic
curve, since DY is normal and KDY ∼Q 0.
(3) Suppose dimY = 3. Then Y has at worst isolated singularities. Further, KDY ∼Q 0 implies that
DY is either a smooth abelian surface or hyperelliptic surface, or a normal K3 surface or Enriques
surface with at worst Du Val singularities.
4.5 Proofs of Theorem 4.1.7 and Proposition 4.1.8
Proof of Theorem 4.1.7. (1) =⇒ (2) follows from Lemma 4.2.13.
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(2) =⇒ (1) follows from [Zha16, Theorem 2.4 or Lemma 3.10].
(1) =⇒ (3) is true by letting D′ = 0, and note that quotient singularities are Q-factorial klt, and
KX′ ∼Q 0.
(3) =⇒ (1) follows from [Zha16, Theorem 2.4] (under the condition (ii) there).
(1) =⇒ (4) is just our Proposition 4.4.4 (1).
Finally, we shall prove Proposition 4.1.8. But prior to that, we give two lemmas to deal with the
abelian variety case. It should be noted that even for the abelian variety case, we are not able to generalize
Proposition 4.1.8 (1) to higher dimensions.
Lemma 4.5.1. Let X be an abelian variety of dimension n ≥ 2 and D a prime divisor. Then D as an
algebraic variety is of general type if and only if D is a big divisor.
Proof. Suppose that D as an algebraic variety is of general type. Note that D is a Cartier divisor on
smooth X so that the canonical divisor KD is a well-defined Cartier divisor. Let ν : Dν → D be the
normalization of D and C the conductor of ν which is an effective divisor on Dν . Then
KDν + C = ν
∗KD.
Also, by the (generalized) adjunction formula in [KM98, Proposition 5.73] and KX = 0, we have
KD = (KX +D)|D = D|D.
Take a log resolution µ : D′ → Dν for the pair (Dν , C). We then have
KD′ + µ
−1
∗ C + E1 = µ
∗(KDν + C) + E2,
where E1 and E2 are effective µ-exceptional divisors, and KD′ is big since D is of general type. Hence
by the above three equalities we can show that
c ·mn−1 < h0(D′,mKD′) ≤ h0
(
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for some c > 0 and m  1. The first inequality comes from the definition of big Cartier divisor, and
the second equality holds by the projection formula for the morphism µ : D′ → Dν . It follows that the
Cartier divisor ν∗(D|D) is big, then so is D|D since ν is birational (or just by the definition of big Cartier
divisors on non-normal varieties). Hence D|D is nef and big, so 0 < (D|D)n−1 = Dn (cf. [KM98,
Proposition 2.61]). Note that D on A is nef. So D is big.
Conversely, suppose that D is a big divisor (and contains the origin point). We have seen that
D is ample by Lemma 4.2.12. Then it is well-known that K(OX(D)) := KerφOX(D) is finite (see
e.g., [BL04, Proposition 4.5.2]), where φOX(D), the canonical map from X to its dual abelian variety
X̂ := Pic0(X), is defined as following
φOX(D) : X → X̂, x 7→ T ∗xOX(D)⊗OX(D)−1 = OX(T ∗xD −D).
On the other hand, by [Uen75, Theorem 10.9] or [BL04, §15.7], we also know that if denote by
Z := {x ∈ X : x+D ⊂ D}0
the identity connected component of the stabilizer of D in X , then Z is an abelian subvariety of X
contained in D such that the quotient variety D/Z is of general type. Note that in our situation, Z is
contained in the finite group scheme K(OX(D)) and hence equals 0. It follows that D is of general type
which finishes the other direction of Lemma 4.5.1.
Lemma 4.5.2. Let X be an abelian variety of dimension n = 2 or 3, and G ≤ Autvariety(X) such that
G ' Zn−1 is of positive entropy. Then for any non-trivial f ∈ G, there is no f -periodic prime divisor.
Proof. IfX is an abelian surface admitting an automorphism f of positive entropy and C is an irreducible
f -periodic curve, then by [Uen75, Lemma 10.1], κ(C) ≥ 0 and hence C is irrational, which contradicts
Lemma 4.3.7. Thus we only need to consider the case X is an abelian 3-fold.
Suppose to the contrary that there exists at least one f -periodic prime divisor D. Replacing f by
some power, we may assume that f(D) = D. Write f = Ta ◦ g with Ta a translation and g a group
automorphism (fixing the origin point). Also, after replacing f by T−d ◦ f ◦ Td, G by T−d ◦G ◦ Td, and
D by T−d(D) = D − d for some d ∈ D, we may assume that D contains the origin point. According to
the Kodaira dimension of D, we have the following three cases.
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Case 1): κ(D) = dimD = 2, i.e., D as an algebraic variety is of general type. Then D is big by
Lemma 4.5.1. It follows that f is of null entropy by Lemma 4.2.3 (see also [Zha09a, Lemma 2.23]),
contradicting our assumption on f .
Case 2): κ(D) = 1. By [Uen75, Theorem 10.9] or [BL04, §15.7], the identity connected component
Z of the stabilizer of D in X , i.e.,
Z := {x ∈ X : x+D ⊆ D}0,
is an abelian subvariety of X containing in D, such that dimZ = dimD − κ(D) = 1 and D/Z is of
general type. As in [Zha10b, Lemma 2.11], we can prove that g(Z) = Z and hence pi : X → X/Z is an
f -equivariant (and also g-equivariant) fibration with a fibre Z. Indeed, for any z ∈ Z, we have
g(z) +D = g(z) + f(D) = g(z) + (a+ g(D)) = a+ g(z +D) ⊆ a+ g(D) = f(D) = D.
So g(Z) = Z because g is a group automorphism. Using the main result of Dinh–Nguyeˆn [DN11], we
have
d1(f |X) = d1(g|X) = max{d1(g|X/Z), d1(g|pi)},
where d1(g|pi) denotes the relative dynamical degree in their sense. Note that the g-action on X/Z has a
fixed point, the origin point. So by [DN11, Remark 3.4], d1(g|pi) = d1(g|Z) and hence equals 1 since
dimZ = 1. On the other hand, f |X/Z stabilizes the nef and big divisor D/Z (bigness comes from
Lemma 4.5.1 again). Hence d1(g|X/Z) = d1(f |X/Z) = 1. Overall, we have shown that d1(f |X) = 1,
which is a contradiction.
Case 3): κ(D) ≤ 0. Then κ(D) = 0 and D = δ + Z is a translation of some abelian subvariety Z of
X (cf. [Uen75, Theorem 10.3]). Now we have δ + Z = D = f(D) = a + g(D) = a + g(δ) + g(Z).
Since g is a group automorphism and Z contains the origin point, a+ g(δ)− δ ∈ Z and hence g(Z) = Z.
Then consider the quotient map pi : X → X/Z which is a g-equivariant (and also f -equivariant) fibration.
As in Case 2), we also have the following equalities concerning the first dynamical degrees
d1(f |X) = d1(g|X) = max{d1(g|X/Z), d1(g|pi)} = d1(g|Z),
here d1(g|X/Z) = 1 because Z is an abelian surface and hence dimX/Z = 1. Thus we have deduced
that d1(g|Z) > 1 since f is of positive entropy.
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Write G = 〈f1, f2〉 and fi = Tai ◦ gi for group automorphisms gi. Consider the induced composite
morphisms pii : gi(Z) ↪→ X → X/Z. Suppose that for each i, dim Impii = 0, i.e., Impii is the origin
point of the elliptic curve X/Z. So gi(Z) = Z and then it follows that pi : X → X/Z is G-equivariant,
contradicting with [Zha09b, Lemma 2.10]. Therefore, we may assume that pi1 dominates X/Z and hence
it is flat by [Har77, Proposition 9.7]. Moreover, every irreducible component of the geometric fibre of pi1
over 0 (i.e., g1(Z) ∩ Z) has dimension 1. Let F be any such irreducible component. It is easy to see that
this F is a g-periodic curve in Z (since fi commutes with f implies gi commutes with g). However, as
we have seen, an abelian surface can not contain any g-periodic curve for any automorphism g of positive
entropy. So we also derive a contradiction in this case and hence finish the proof of Lemma 4.5.2.
Remark 4.5.3. Under the same conditions in Lemma 4.5.2, we can show that there is no (irreducible)
f -periodic curve either. Actually, let C be an irreducible f -periodic curve on an abelian 3-fold X . If
κ(C) = 1, i.e., C is of general type and hence Aut(C) is finite. So fm|C = idC for some m > 0.
Write f = Ta ◦ g as usual. It follows from [BL04, Lemma 13.1.1] that the identity component Z of
the pointwise fixed point set Xg
m
is a positive-dimensional abelian subvariety. Then X → X/Z is a
G-equivariant fibration (see also [Zha10b, Lemma 2.11]), which contradicts with [Zha09b, Lemma 2.10].
If κ(C) = 0, then C = δ + E for some abelian subvariety E of dimension 1. Consider the quotient
map pi : X → X/E which is a g-equivariant fibration. As in the proof of Lemma 4.5.2, we may assume
that the dimension of pi(g1(E)) is 1, i.e., pi(g1(E)) is a g-periodic curve in the abelian surface X/E.
Note also that d1(g|X/E) = d1(g|X) > 1 by Dinh–Nguyeˆn [DN11]. This contradicts the surface case of
Lemma 4.5.2.
Proof of Proposition 4.1.8. The assertion (1) has been proved by Lemma 4.5.2. To prove the assertion (2),
we first consider the case that the irregularity q(X) > 0. Then the Albanese map albX : X → Alb(X) is
aG-equivariant birational surjective morphism by the maximality of the dynamical rank ofG (cf. [Zha09b,
Lemma 2.13]). So for any g-periodic prime divisor D on X , one has albX(D) is a g-periodic subvariety
of Alb(X). However, according to Lemma 4.5.2, albX(D) can not be a g-periodic divisor, i.e., D is an
albX -exceptional divisor. Hence for any 1 ≤ i ≤ n− 1, it follows from the commutativity of G that each
gi(D) is also a g-periodic albX -exceptional divisor. Note that for a birational morphism, there are only
finitely many (irreducible) exceptional divisors. Thus D is gi-periodic for any i and hence G-periodic.
Then by Proposition 4.2.11, there are at most ρ(X)− n of g-periodic prime divisors.
Next, we may assume that the irregularity q(X) = 0. This also holds for any resolution of X because
X has only klt and hence rational singularities (cf. [KM98, Theorem 5.22]). We only need to prove
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the claim that there are only finitely many g-periodic prime divisors Dj with 1 ≤ j ≤ k for some
k > 0. Indeed, assuming this claim for the time being, as in the case q(X) > 0, we can show that Dj is
G-periodic for any j. Then by Proposition 4.2.11, we would have the upper bound ρ(X)− n. For this
claim, the surface case is well known. Actually, it follows from the Hodge index theorem and the fact
that every g-periodic curve is perpendicular to the nef and big divisor A := Lg + Lg−1 as in the proof of
Lemma 4.3.7, where Lg±1 are the nef divisors corresponding to the first dynamical degree d1(g±1) of
g±1. Therefore, we still have to prove this claim for the case n = 3.
Suppose to the contrary that the above claim does not hold. Namely, there are infinitely many distinct

















: Dj is g-periodic, t ≥ 1
}
for some r ≥ 1 and denote E0 :=
∑r
j=1Dj . Replacing g by its power, we may assume that g(Dj) = Dj
for all j ≤ r. As reasoned in Proposition 4.2.11, we have κ ≥ 1.
For any 1 ≤ i ≤ n− 1, let Ei := g∗iE0. It is easy to see that Ei is also g-periodic since g commutes
with each gi, and hence κ(X,Ei) = κ(X,E0 + Ei) = κ by the maximality of κ. Replacing E0 by some
mE0, we may assume that the dominant rational map




is an Iitaka fibration associated to Ei and its image has dimension equal to κ for any 0 ≤ i ≤ n − 1.
Take a g-equivariant resolution pi : X ′ → X of SingX and Bs(|Ei|) due to Hironaka [Hir77], such that
the linear system |pi∗Ei| = |Mi| + Fi, where each Mi is base point free, Fi is the fixed component
of |pi∗Ei|, and their divisor classes are g-stable. Now the morphism Φ|Mi| is birational to Φ|Ei|. Let
Yi → Φ|Mi|(X ′) be the normalization, and φi : X ′ → Yi the induced morphism, which is an algebraic
fibre space with connected fibres. Denote by Ai the ample divisor on Yi such that Mi = φ∗iAi. We have
κ(X ′,M0 +Mi) = κ(X,E0 + Ei) = κ by the maximality of κ. Thus the free divisor M0 +Mi is the
pullback of some ample divisor on a variety of dimension κ, which implies that (M0 +Mi)κ+1 = 0. In
particular, Mκ0 ·Mi = 0 = M0 ·Mκi .
We assert that κ ≤ n−2 = 1. Indeed, by blowing up Yi andX ′ further, we may assume that Yi is also
smooth. Replacing φi by the new morphism, the new Ai on the new Yi is only nef and big. Nevertheless,
we obtain a g-equivariant fibration φi : X ′ → Yi of smooth varieties such that g preserves the nef and big
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divisor Ai on Yi. It follows from [Zha10b, Lemma 2.5] that κ ≤ n− 2 = 1, thus κ = 1 in the present
case. (Remark: in what follows, the blowing up of Yi is unnecessary, since Yi is a normal and hence a
smooth curve. In particular, the divisor Ai is still ample, and φi is flat and hence equidimensional; see
[Har77, Proposition 9.7]. Indeed, the argument below works as long as φi is equidimensional.)
For 1 ≤ i ≤ n− 1, let C be any curve in a general fibre Fi of φi. Take general ample divisors Hj on
X ′ containing C with 1 ≤ j < n− κ. Let S := H1 ∩ · · · ∩Hn−κ−1. Then
0 ≤ C ·M0 = C ·M0|S ≤Mκi |S ·M0|S = Mκi ·M0 ·H1 · · ·Hn−κ−1 = 0.
Thus A0 · (φ0)∗C = 0 by the projection formula. So φ0 contracts C (and hence the whole Fi) by the
ampleness of A0. Then by the Rigidity Lemma 4.3.9, φ0 = ti ◦ φi for some morphism ti : Yi → Y0.
Interchanging the role of M0 with Mi, we get another morphism si : Y0 → Yi such that φi = si ◦ φ0.
Hence φi = si ◦ ti ◦ φi. The surjectivity of φi then implies that si ◦ ti = id. Similarly, ti ◦ si = id. Thus





0Bi with Bi := s
∗
iAi an ample divisor on Y0.
Now the automorphism gi onX descends to an isomorphism between the bases of the Iitaka fibrations
Φ|E0| and Φ|Ei|, while the latter two are birational to Φ|M0| and Φ|Mi|, respectively. So gi induces an
isomorphism from (the normalization of) Φ|A0|(Y0) to (the normalization of) Φ|Bi|(Y0), which is an
automorphism of Y0 now. Thus G acts on Y0 bi-regularly. Replacing X 99K Y0 by a G-equivariant
resolution X ′′ of the graph, we have a non-trivial G-equivariant fibration between two smooth projective
varieties. This contradicts the maximal dynamical rank assumption on G (cf. [Zha09b, Lemma 2.10]). So
we have proved Proposition 4.1.8.
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Chapter 5
The dimension of automorphism groups of
algebraic varieties with pseudo-effective log
canonical divisors
5.1 Introduction
We work over the algebraically closed field C of complex numbers. Let V be an algebraic variety. By
Nagata, there is a complete algebraic variety V containing V as a Zariski-dense open subvariety. Then
by Hironaka, there exists a log smooth pair (X,D), where X is a smooth projective variety and D is a
reduced effective divisor with only simple normal crossing (SNC) singularities, and a projective birational
morphism pi : X → V such that D = pi−1(V \ V ) and X \ D = pi−1(V ). Such pair is called a log
smooth completion of V . We then define
the logarithmic irregularity q¯(V ) := h0(X,ΩX(logD)),
the logarithmic geometric genus p¯g(V ) := h0(X,KX +D),
the logarithmic Kodaira dimension κ¯(V ) := κ(X,KX +D),
where ΩX(logD) is the logarithmic differential sheaf, hi(−) denotes the complex dimension of H i(−)
and κ denotes the Iitaka D-dimension. It is known that these numerical invariants are independent of the
choice of the log smooth completion (X,D). See [Iit82] for details.
Let G be a connected algebraic group. Then the Albanese morphism albG : G→ AG := Alb(G) is a
surjective group homomorphism to an abelian varietyAG such that the kernelGaff is the largest connected
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affine normal subgroup of G. This is Chevalley’s decomposition theorem. If Gaff is an algebraic torus
Gdm of dimension d, then G is called a semi-abelian variety, i.e., there is an exact sequence of connected
algebraic groups:
1 −→ Gdm −→ G albG−−−→ AG −→ 1. (5.1)
It is known that such G is a commutative algebraic group (cf. [Fuj15, Lemma 2.11]).
Let V be a smooth algebraic variety with some log smooth completion (X,D) by blowing up
subvarieties of the boundary such that V = X \D. Define the Albanese morphism albV of V as
albV : V ↪→ X albX−−−→ Alb(X) =: Alb(V ).
There also exist a semi-abelian variety AV of dimension q¯(V ) and a morphism
αV : V −→ AV
such that any morphism from V to a semi-abelian variety factors through this AV . The semi-abelian
variety AV (resp. the morphism αV : V → AV ) is called the quasi-Albanese variety (resp. the quasi-
Albanese morphism) of V . Further, AV sits in the following exact sequence of connected algebraic
groups:
1 −→ Gtm −→ AV
albAV−−−−→ Alb(AV ) −→ 1,
where Alb(AV ) = Alb(V ) = Alb(X) is an abelian variety of dimension q(X). Note that the Albanese
morphism albV of V is just the composition of the quasi-Albanese morphism αV of V with the Albanese
morphism albAV of AV , i.e., albV = albAV ◦αV . If we assume further that V is projective, then the
quasi-Albanese morphism αV of V is nothing but the original Albanese morphism albV of V . See
[Fuj15, Iit76, Kaw81] for details.
We shall refer to [KM98] for the standard definitions, notations, and terminologies in birational
geometry. For instance, see [KM98, Definitions 2.34 and 2.37] for the definitions of canonical singularity,
Kawamata log terminal singularity (klt), divisorial log terminal singularity (dlt), and log canonical
singularity (lc).
Theorem 5.1.1. Let (X,D) be a projective Q-factorial dlt pair of dimension n and D a reduced
effective divisor such that KX + D is pseudo-effective. Let G be a connected algebraic subgroup of
Aut(X,D) := {g ∈ Aut(X) : g(D) = D}. Then the following assertions hold.
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(1) G is a semi-abelian variety sitting in the exact sequence (5.1) of dimension at most
min
{
n− κ(X,KX +D), n
}
.
(2) When dimG = n, X is a G-equivariant compactification of G such that KX +D ∼ 0.
(3) Suppose further that κ(X,KX +D) ≥ 0. Then we have
(a) dimG ≤ n and the equality holds only if κ(X,KX +D) = 0 and the dimension of the abelian
variety AG equals q(X);
(b) d ≤ n and the equality holds only if κ(X,KX +D) = 0 and dimAG = q(X) = 0.
A logarithmic Iitaka surface is a smooth algebraic surface V such that the logarithmic Kodaira
dimension κ¯(V ) = 0 and the logarithmic geometric genus p¯g(V ) = 1. In this case by Kawamata [Kaw81,
Corollary 29], we know that the logarithmic irregularity q¯(V ) ≤ dimV = 2. If assume further that
q¯(V ) = 0, we then call V is a logarithmic K3 surface. See [Iit79] for details.
Next, we (re)prove and generalize [Iit79, Theorem 5] in which Iitaka provided an upper bound of the
dimension of automorphism groups of logarithmic Iitaka surfaces. However, his proof seems incomplete
and depends heavily on his classification of logarithmic Iitaka surfaces and logarithmic K3 surfaces. We
offer a classification-free proof.
Theorem 5.1.2 ([Hu16]). Let (X,D) be a log smooth pair of dimension 2 with V := X \D such that
κ¯(V ) = 0. Let G be a connected algebraic subgroup of Aut(X,D). Then G is a semi-abelian variety of
dimension at most q¯(V ). If assume further that p¯g(V ) = 0, then dimG ≤ q(X).
Remark 5.1.3. It is known that for an abelian variety A acting faithfully on a smooth algebraic variety X ,
the induced group homomorphism A→ Alb(X) has a finite kernel by the Nishi–Matsumura theorem
(cf. [Mat63]). In particular, we have dimA ≤ dim Alb(X) = q(X) (see also [Han87, Han88] for a
treatment of birational automorphism groups). However, for a semi-abelian variety G acting faithfully on
a smooth algebraic variety V , by Brion’s example1 below one cannot try to prove G→ AV has a finite
kernel and to deduce dimG ≤ q¯(V ).
Let X be the projective plane P2 and D the union of a smooth conic and a transversal line. In
homogeneous coordinates, one can take for D the union of (xy = z2) and (z = 0). Then the identity
connected component of the automorphism group of (X,D) is a one-dimensional algebraic torus, acting
1I would like to thank Professor Michel Brion for sending me this (counter)example.
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via t · [x : y : z] = [tx : t−1y : z]. Also, V := X \ D is the complement of the conic (xy = 1) in
the affine plane A2 with coordinates x, y. So the quasi-Albanese variety AV of V is a one-dimensional
algebraic torus too, and the quasi-Albanese morphism αV is just given by xy − 1 (which generates the
group of all invertible regular functions on V modulo constants). Then αV is G-invariant and hence G
does not act on AV with a finite kernel.
The following two corollaries are direct consequences of our main theorems and Sumihiro’s
equivariant completion theorem (cf. [Sum74, Theorem 3]). Indeed, let V be a normal algebraic variety
andG a linear algebraic subgroup of Aut(V ). Sumihiro’s theorem asserts that there exists aG-equivariant
log smooth completion (X,D) of V . Thus we may identify G with a subgroup of Aut(X,D) so that our
main theorems apply.
Corollary 5.1.4. Let V be a normal algebraic variety of logarithmic Kodaira dimension κ¯(V ) ≥ 0 and
G a connected linear algebraic subgroup of Aut(V ). Then G is an algebraic torus of dimension at most
min{dimV − κ¯(V ),dimV }.
Corollary 5.1.5. Let V be a smooth algebraic surface with a log smooth completion (X,D) such that
V = X \D. Suppose that κ¯(V ) = 0 and G is a connected linear algebraic subgroup of Aut(V ). Then G
is an algebraic torus of dimension at most q¯(X). If assume further that p¯g(V ) = 0, then dimG ≤ q(X).
5.2 Proof of Theorem 5.1.1
We first prove that G is a semi-abelian variety (see (5.1) for its definition and related notations), under a
slightly weaker condition of Theorem 5.1.1.
We remark that G is a semi-abelian variety if and only if G does not contain any algebraic subgroup
isomorphic to the one-dimensional additive algebraic group Ga. In fact, by Chevalley’s decomposition
theorem, to show G is a semi-abelian variety, it suffices to show that the affine normal subgroup Gaff of G
is an algebraic torus. Consider the unipotent radical Ru(Gaff) of Gaff . If it is not trivial, then it contains
Ga. So we may assume that Gaff is reductive. Note that any non-trivial semi-simple subgroup of Gaff
also contains Ga. Thus by the structure theory of reductive groups, Gaff = R(Gaff) is an algebraic torus.
Lemma 5.2.1. Let (X,D) be a projective log canonical pair and D a reduced effective divisor such
that KX +D is pseudo-effective. Let G be a connected algebraic subgroup of Aut(X,D). Then G is a
semi-abelian variety.
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Proof. Take a G-equivariant log resolution pi : X˜ → X of the pair (X,D). Then we may write
K
X˜
+ D˜ = pi∗(KX +D) +
∑
aiEi, (†)
where D˜ := pi−1∗ D+E with pi−1∗ D the strict transform ofD and E :=
∑
Ei the sum of all pi-exceptional
divisors. Note that for every Ei, the log discrepancy ai := 1 + a(Ei, X,D) is non-negative, since (X,D)
is log canonical. Thus K
X˜
+ D˜ is also pseudo-effective. Moreover, G is a subgroup of Aut(X˜, D˜) since
pi is a G-equivariant log resolution. Therefore, replacing (X,D) by (X˜, D˜), we may assume that (X,D)
is log smooth.
Suppose to the contrary that G contains some algebraic subgroup isomorphic to Ga. Consider the
faithful action of Ga on (X,D). It is a generically free action since Ga admits no non-trivial algebraic
subgroup. More precisely, outside the closed subset F of all fixed points of Ga-action, this action is
free, i.e., the Ga-orbit of any point x ∈ X \ F is isomorphic to the affine line A1. Thus we obtain a
dominating family of rational curves on X by completing these Ga-orbits. A general rational curve (not
in D) of this family can only intersect the boundary D at most one point. Note that if a projective variety
is dominated by rational curves, then it is in fact covered by rational curves. Hence by [BZ16, Lemma
2.1], it follows that KX +D is not pseudo-effective which contradicts our assumption.
Next, we give an upper bound of the dimension of a semi-abelian variety acting faithfully on an
arbitrary algebraic variety.
Lemma 5.2.2. Let G be a semi-abelian variety. Suppose that G acts faithfully on an algebraic variety V
of dimension n. Then we have
dimG ≤ min{n− κ¯(V ), n} .
In particular, if dimG = n, then V contains a Zariski open orbit with trivial isotropy group.
Proof. Let T denote the algebraic torus Gdm in the definition of the semi-abelian variety G. Then T
acts generically freely on V by [Dem70, §1.6, Corollaire 1]. In other words, there exists a Zariski open
subvariety U of V such that the isotropy group Tx is trivial for any x ∈ U . Note that the isotropy group
Gx has a fixed point x and hence is affine by [BSU13, Proposition 2.1.6]. Since G is commutative, Gx is
a normal subgroup of G. Thus the identity connected component of Gx is contained in Tx, so is trivial
for any x ∈ U . Therefore, Gx is finite for any x ∈ U . Then we can easily get
n = dimV ≥ dimG · x = dimG− dimGx = dimG.
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Suppose that dimG = n = dimV . Then for any x ∈ U , the orbit G · x is Zariski-dense in V .
Equivalently, since every orbit is locally closed, G · x is a Zariski open subvariety of V . Note that the
isotropy group Gx acts trivially on G · x because G is commutative, so do Gx on V . This implies that Gx
is trivial since the whole G-action is faithful. Thus in this optimal case, we have proved the assertion in
the lemma.
On the other hand, by a theorem due to Rosenlicht (cf. [Ros56, Theorem 2]), there exists a Zariski
open subvariety V0 of V such that the geometric quotient V0/G exists. Consider the natural quotient map
V0 → V0/G with a general fibre F = G · x0 for some x0 ∈ U ∩ V0. By Iitaka’s easy addition formula
(cf. [Iit82, Theorem 11.9]), we have
κ¯(V ) ≤ κ¯(V0) ≤ κ¯(F ) + dim(V0/G).
Note that this general fibre F is isomorphic toG/Gx0 with finite groupGx0 . Thus F is also a semi-abelian
variety and hence κ¯(F ) = 0. By a dimension formula of quotient variety, we have
dim(V0/G) = dimV − dimG+ min
x∈V
dimGx = n− dimG.
Combining the last two displayed (in)equality, we prove that dimG ≤ n − κ¯(V ). Together with
dimG ≤ n we just proved, we obtain the desired upper bound of dimG.
Proof of Theorem 5.1.1. Replacing (X,D) by its G-equivariant log resolution (†) as in the proof of
Lemma 5.2.1, we may assume that (X,D) is log smooth with pseudo-effectiveKX +D, and V := X \D
is a smooth quasi-projective subvariety of X . Note that after this replacement, the Iitaka dimension
κ(X,KX +D) remains the same equal to κ¯(V ). In Lemma 5.2.1 we have proved thatG is a semi-abelian
variety. We may then regard G ≤ Aut0(X,D) as an algebraic subgroup of Aut(V ). Indeed, the natural
restriction map G→ G|V is an isomorphism. Thus applying Lemma 5.2.2 to the faithful G-action on V ,
the assertion (1) follows.
For the assertion (2), by the above lemma again, X (actually V ) contains a Zariski open orbit V ′
with trivial isotropy group (so V ′ ' G). Let D′ := X \ V ′ be the (total) boundary of this almost
homogeneous variety. By a G-equivariant log resolution, we may assume that D′ is a simple normal
crossing divisor containing D. Thus by [BZ16, Theorem 1.1], we have KX +D′ ∼ 0. But KX +D is
already pseudo-effective. So D = D′ and hence KX + D ∼ 0. Since the push-forward of a linearly
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trivial divisor is also linearly equivalent to zero, the original pair (X,D) has trivial log canonical divisor.
This shows the assertion (2).
Suppose that κ(X,KX + D) ≥ 0 and dimG = n. Then κ¯(V ) = κ(X,KX + D) = 0. We now
devote to show the second equality in assertion (3a), i.e., dimAG = q(X). First it follows from [Kaw81,
Theorem 28] that the quasi-Albanese morphism αV : V → AV is an open algebraic fibre space (i.e.,
generically surjective with irreducible general fibres). In particular,
q¯(V ) = dimAV ≤ dimV = n.
By the universal properties of the Albanese morphism albV and the quasi-Albanese morphism αV , we
know that the G-action can descend to the abelian variety Alb(V ) and the semi-abelian variety AV ,
respectively. In other words, we have the following two exact sequences of connected algebraic groups:
1 −→ KA −→ G −→ Aut0(Alb(V )) = Alb(V ),
1 −→ Kα −→ G −→ Aut0(AV ),
where KA and Kα denote the corresponding kernels. On the other hand, both G andAV are semi-abelian,
so we also have the following two exact sequences of connected algebraic groups:
1 −→ Gdm −→ G albG−−−→ AG −→ 1,
1 −→ Gtm −→ AV
albAV−−−−→ Alb(AV ) = Alb(V ) −→ 1.
By the Nishi–Matsumura theorem (cf. [Mat63]), the induced group homomorphism G → Alb(V )
factors through AG such that the group homomorphism AG → Alb(V ) has a finite kernel. In particular,
we have
dimAG ≤ dim Alb(V ) = q(X).
Let T denote the algebraic torus Gdm. Identify the torus T/T ∩Kα with its image in Aut0(AV ). Note
that the induced action of T on the abelian variety Alb(V ) is trivial. Thus T/T ∩Kα acts faithfully on
Gtm, and hence by [Dem70, §1.6, Corollaire 1] we have
d− dimT ∩Kα = dimT/T ∩Kα ≤ dimGtm = t.
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Note that the torus T ∩Kα acts trivially on AV , and hence it acts faithfully on the generic fibre F of the
quasi-Albanese morphism αV : V → AV . By [Dem70, ibid.] again we have
dimT ∩Kα ≤ dimF = dimV − dimAV = n− q¯(V ).
In order to satisfy dimG = d+ dimAG = n = q(X) + t+ (n− q¯(V )), all of the last three displayed
inequalities should be equalities. In particular, we have dimAG = q(X).
Note that (X,D) is a projective dlt pair and hence X has only rational singularities (cf. [KM98,
Theorem 5.22]). For such X , its irregularity q(X) does not depend on its resolution. Thus dim Alb(V )
equals q(X) of the original X . This completes the proof of the assertion (3a).
For the last assertion (3b), if the dimension of the torus part Gdm of G is maximal (i.e., d = n), then
we naturally have dimG = n and hence all statements in the assertion (3a) hold. Moreover, it follows
from G = Gdm that AG = 0. Thus q(X) = dimAG = 0. (In particular, AV is an algebraic torus of
dimension q¯(V ) = t ≤ n.) We finish the whole proof of Theorem 5.1.1.
5.3 Proof of Theorem 5.1.2
In this section, we will prove Theorem 5.1.2 which shall be divided into Theorems 5.3.6 and 5.3.11. The
first theorem considers the logarithmic Iitaka surfaces (i.e., κ¯ = 0 and p¯g = 1), while all other algebraic
surfaces with κ¯ = p¯g = 0 are dealt with by the second one. We first prepare some general results used to
prove both theorems.
5.3.1 Preliminaries
We will frequently and implicitly use the following lemma to compare logarithmic invariants of an
algebraic variety with its open subvariety.
Lemma 5.3.1. Let X be an algebraic variety and U a nonempty Zariski open subvariety of X . Then we
have
q¯(X) ≤ q¯(U), p¯g(X) ≤ p¯g(U) and κ¯(X) ≤ κ¯(U).
The following lemma is a slight generalization of [Iit79, Lemma 2] which is used to compute q¯.
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Lemma 5.3.2. Let (X,D) be a log smooth pair of dimension n with V := X \ D. Let ∑Di be the
irreducible decomposition of D. Then we have
q¯(V ) = q(X) + rank Ker(⊕Z[Di]→ Pic(X)).
Proof. We first have a long exact sequence of homology groups from topology
· · · → Hi(D,Z)→ Hi(X,Z)→ Hi(X,D,Z)→ Hi−1(D,Z)→ · · · .
By the Poincare´ duality, we have
· · · → H2n−2−i(D,Z)→ H2n−i(X,Z)→ H2n−i(V,Z)→ H2n−1−i(D,Z)→ · · · .
Starting with i = 2n− 1, we have the following exact sequence
0→ H1(X,Z)→ H1(V,Z)→ H0(D,Z) = ⊕Z[Di]→ H2(X,Z)→ · · · .
Note that dimCH1(V,C)−dimCH1(X,C) = (q¯(V ) + q(X))−2q(X) = q¯(V )− q(X). On the other
hand, it is easy to see that
H1(V,Z)/H1(X,Z) ' Ker(⊕Z[Di]→ H2(X,Z))
= Ker(⊕Z[Di]→ Pic(X)).
So we obtain the lemma.
As a corollary of the above lemma and the well-known fact about the Picard groups under a point
blowup, we can readily see that the logarithmic irregularity q¯ is (somewhat) invariant under a canonical
blowup at any point.
Lemma 5.3.3. Let (X,D) be a log smooth pair of dimension n with V := X \D. Let pi : X˜ → X be
the blowup of some point. Let D˜ be the sum of the strict transform pi−1∗ D and some reduced effective
exceptional divisors. Denote V˜ := X˜ \ D˜. Then we have q¯(V˜ ) = q¯(V ).
For a log surface, we also need the following formula to calculate p¯g which appears in [Sak80]. See
also [Miy01, Lemma 2.3.1, Chapter 1] for a similar treatment.
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Lemma 5.3.4. Let (X,D) be a log smooth pair of dimension 2 with V := X \D. Then we have
p¯g(V ) = pg(X) + h
1(OD)− q(X) + γ(D),
where γ(D) := dim Ker{H1(X,OX) → H1(D,OD)}. In particular, if X is a regular surface, then
p¯g(V ) = pg(X) + h
1(OD).
Proof. The exact sequence of OX -modules 0→ OX(−D)→ OX → OD → 0 induces the long exact
sequence of cohomology groups as following
H1(X,OX)→ H1(D,OD)→ H2(X,OX(−D))→ H2(X,OX)→ 0.
Thus by the Serre duality, we have
p¯g(V )− pg(X) = h0(X,KX +D)− h0(X,KX)
= h2(X,OX(−D))− h2(X,OX)
= h1(D,OD)− (q(X)− γ(D)).
Remark 5.3.5. For a log smooth surface pair (X,D), if D is connected such that h1(OD) = 1, then D
contains a smooth elliptic curve or a cycle of smooth rational curves. Indeed, recall the arithmetic genus
of the divisor D is defined as pa(D) := 1− χ(OD) = h1(OD), where χ(F) :=
∑
(−1)ihi(F) denotes
the Euler characteristic of a coherent sheaf F . By the Riemann–Roch theorem, one has the following
genus formula:




Then it is easy to see that the arithmetic genus of a rational tree is zero. Meanwhile, if D contains a curve
of genus greater than one, then pa(D) ≥ 2.
For a general (not necessarily connected) boundary D, the above genus formula also holds. By the
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where each Dj is a connected component of D. Therefore, if assume that h1(OD) = 1, then there exists
a unique connected component of D such that its arithmetic genus is one. We have known the behavior
of this connected component from the discussion above.
5.3.2 Logarithmic Iitaka surfaces
In this subsection, we will prove Theorem 5.1.2 in the setting of the title which means κ¯ = 0 and p¯g = 1.
We actually prove the following theorem.
Theorem 5.3.6. Let V be a logarithmic Iitaka surface with a log smooth completion (X,D) such that
V = X \D. Then the identity connected component of Aut(X,D) is a semi-abelian variety of dimension
at most q¯(V ).
By the classification theory of compact complex surfaces, we can show that for a logarithmic Iitaka
surface V , the ambient surface X can only have the following possibilities. Recall that a ruled surface
always means a birationally ruled surface, i.e., birationally equivalent to C ×P1 for some smooth curve
C. The genus of the base curve C is also called the genus of the ruled surface. In particular, an elliptic
ruled surface is a ruled surface of genus 1.
Lemma 5.3.7. Let V be a logarithmic Iitaka surface with a log smooth completion (X,D) such that
V = X \D. Then X belongs to one of the following cases:
(1) X is a rational surface; pg(X) = q(X) = 0 and h1(OD) = 1.
(2) X is an elliptic ruled surface; pg(X) = 0 and q(X) = 1.
(3) X is (birationally) a K3 surface or an abelian surface; pg(X) = 1.
Proof. By Lemma 5.3.1, one has κ(X) ≤ κ¯(V ) = 0 and pg(X) ≤ p¯g(V ) = 1. We first consider the
case κ(X) < 0. If q(X) = 0, this is just the case (1). If q(X) ≥ 1, we will show that X cannot be a
ruled surface of genus q(X) > 1. Let albX : X → B ⊆ Alb(X) be the Albanese morphism of X with
B a smooth projective curve of genus q(X) ≥ 1 because pg(X) = 0. For a general point b ∈ B, the
fibre F := alb−1X (b) of b is a smooth rational curve. Define FV := F ∩ V . Then by Iitaka’s easy addition
formula (cf. [Iit82, Theorem 11.9]), we have
0 = κ¯(V ) ≤ κ¯(FV ) + dimB,
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which implies κ¯(FV ) ≥ 0. On the other hand, by Kawamata’s addition formula (for morphism of relative
dimension one, cf. [Iit82, Theorem 11.15]), we have
0 = κ¯(V ) ≥ κ¯(FV ) + κ(B) ≥ κ(B) ≥ 0.
Thus κ¯(FV ) = κ(B) = 0 and hence B is an elliptic curve. This gives us the case (2).
We next consider the case κ(X) = 0. To give the case (3), we just need to rule out the Enriques
surface and the hyperelliptic surface. If X is (birationally) an Enriques surface, then there exists a finite
e´tale cover σ : X˜ → X for some (birationally) K3 surface X˜ . Let D˜ := σ−1D and V˜ := X˜ \ D˜.
Then we have κ¯(V˜ ) = κ¯(V ) = 0 since σ|
V˜
: V˜ → V is also a finite e´tale cover (cf. [Iit82, Theorem
11.10]). On the other hand, it follows from Lemma 5.3.4 that h1(OD) = 1 and hence there exists a
unique connected component D1 of D such that h1(OD1) = 1 (see also Remark 5.3.5). Take a connected
component D˜1 of D˜ which maps onto D1. Then consider the induced finite e´tale cover D˜1 → D1. Say





) = d · χ(OD1) = d · (1− h1(OD1)) = 0.
Hence by Lemma 5.3.4 again we have p¯g(V˜ ) = pg(X˜) + h1(OD˜) ≥ pg(X˜) + h1(OD˜1) = 2. This
contradicts the fact κ¯(V˜ ) = 0.
IfX is (birationally) a hyperelliptic surface, then there exists a minimal modelXm ofX by contracting
all (−1)-curves. Let µ : X → Xm denote the composite contraction morphism and Dm := µ∗D. There
is an effective divisor Rµ supported on all µ-exceptional divisors such that KX = µ∗KXm +Rµ by the
ramification formula (cf. [Iit82, Theorem 5.5]). Then we have
0 = κ¯(V ) = κ(X,KX +D) = κ(X,µ
∗KXm +Rµ +D)
= κ(X,µ∗KXm +NRµ +D) for N  0 by [Iit82, Lemma 10.5]
≥ κ(X,µ∗KXm + µ∗Dm) = κ(Xm,KXm +Dm).
Note that KXm ∼Q 0 and Dm is nef (see e.g., [HTZ16, Lemma 2.11]). So we have
0 ≥ κ(Xm,KXm +Dm) = κ(Xm, Dm) ≥ 0,
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and hence Dm ∼Q 0 by the abundance theorem for surface (cf. [Fuj12, Theorem 6.2]). Then Dm being
effective implies that Dm = 0, i.e., D is µ-exceptional. Thus by the projection formula,
H0(X,KX +D) = H
0(X,µ∗KXm +Rµ +D) = H
0(Xm,KXm) = 0.
This contradicts the assumption p¯g(V ) = h0(X,KX +D) = 1.
Remark 5.3.8. Let V be a logarithmic Iitaka surface with a log smooth completion (X,D) such that
V = X \D. Let∑Di be the irreducible decomposition of D. We would like to introduce an associated
divisor DA separately for each case in Lemma 5.3.7 as follows.
(1) If X is a rational surface, by Remark 5.3.5 there are two subcases:
(i) Di is a smooth elliptic curve for some i, then let DA = Di;
(ii) pa(Di) = 0 for all i, then there is a cycle of smooth rational curves
∑r
i=1Di =:DA.
(2) If X is an elliptic ruled surface, we have seen in the proof of Lemma 5.3.7 that the general fibre FV
(of the restriction morphism albX |V : V → B) has logarithmic Kodaira dimension zero. So it is
isomorphic to C∗ and hence D.F = 2. We then denote by DA the sum of all irreducible components
of D which are mapped onto B by the Albanese morphism (or ruled fibration) albX . Namely, DA is
a sum of two cross-sections or a double section of albX .
(3) If pg(X) = 1, then let DA = 0.
We then claim that in each case above, X \DA is still a logarithmic Iitaka surface. Indeed, it suffices
to show that p¯g(X \DA) = 1 since κ¯(X \DA) ≤ κ¯(X \D) = 0. The case (1) is easy by Lemma 5.3.4.
For the case (2), our p¯g-formula may not be used due to some uncertain invariants. However, we note
that the general fibre of X \DA → B is still C∗ by the definition of DA. So by Kawamata’s addition
formula (cf. [Iit82, Theorem 11.15]), κ¯(X \DA) ≥ κ¯(C∗) + κ(B) = 0. Choose M ∈ |KX +D| and
N ∈ |m(KX+DA)| for some positive integerm. Then bymM ∼ m(KX+D) ∼ N+m(D−DA) ≥ 0
and κ(X,KX + D) = 0, we have mM = N + m(D − DA). Thus M − (D − DA) = N/m is an
effective divisor so that |KX +DA| is non-empty.
We keep using the notation DA till the end of this subsection. Next, we provide a new and much
shorter proof of Iitaka’s Theorem III in [Iit79].
Lemma 5.3.9. Let V be a logarithmic Iitaka surface with a log smooth completion (X,D) such that
V = X \D. Suppose that there is no any (−1)-curve in X \DA. Then KX +DA ∼ 0.
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Proof. We only need to show that KX + DA is nef. Indeed, by the claim in Remark 5.3.8 we have
seen that κ(X,KX + DA) = 0 and p¯g(X \ DA) = 1. Then by the abundance theorem for surface,
KX +DA ∼Q 0 (cf. [Fuj12, Theorem 6.2]). In particular, KX +DA ∼ 0 since p¯g(X \DA) = 1.
Suppose to the contrary that there exists an irreducible curve C such that (KX +DA).C < 0. Then
C2 < 0 because κ(X,KX +DA) = 0. If C * DA, then DA.C ≥ 0 and hence KX .C < 0. So by the
adjunction formula, we know that C is a (−1)-curve and KX .C = −1. Thus 0 ≤ DA.C < −KX .C = 1
implies that DA.C = 0. This means C ∩DA = ∅, contradicting our assumption. If C ⊆ DA, write




A.C ≥ 0. Then we have
(KX + C).C ≤ (KX + C +D′A).C = (KX +DA).C < 0.
So by the adjunction formula again, C is a smooth rational curve, i.e., pa(C) = 0. Hence the cases
(1i) and (2) in Remark 5.3.8 cannot happen since in both cases pa(C) ≥ 1. For the case (1ii) note that
D′A.C = 2 since DA is a cycle of smooth rational curves. Thus
0 > (KX +DA).C = (KX + C +D
′
A).C = (KX + C).C + 2 = 2pa(C) = 0,
which is absurd. For the last case (3), it is obvious that C is a (−1)-curve, which is impossible under our
assumption.
As we mentioned in Remark 5.1.3, the natural geometric approach may not apply to bound the
dimension. Hence the following easy lemma could be thought as a starting point for proving our main
theorem.
Lemma 5.3.10. Let (X,D) be a log smooth pair of dimension 2 with V := X \D such thatKX +D ∼ 0.
Then dim Aut0(X,D) = q¯(V ).
Proof. Let ΘX(− logD) denote the logarithmic tangent sheaf, which is just the dual of the logarithmic
differential sheaf ΩX(logD). Then H0(X,ΘX(− logD)) is the Lie algebra of the connected algebraic
group Aut0(X,D). In our situation, Ω2X(logD) = OX(KX + D) = OX . Hence ΘX(− logD) =
(ΩX(logD))
∨ ' ΩX(logD).
Proof of Theorem 5.3.6. We have already seen by Theorem 5.1.1 that Aut0(X,D) is a semi-abelian
variety. Let G denote the identity connected component of Aut(X,DA). Then Aut0(X,D) ≤ G by the
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special choice of DA (see Remark 5.3.8 for its definition). Let
pi : X = X0
pi0−→ X1 pi1−→ · · · pim−1−−−→ Xm
be the composition of pii such that for every 0 ≤ i ≤ m− 1,
(1) pii is a blowdown of some (−1)-curve Ei in Xi,
(2) DA,i+1 := pii∗DA,i,
(3) Ei ⊂ Xi \DA,i.
We may assume that Xm \DA,m has no (−1)-curve. Note that Xm \DA,m is still a logarithmic Iitaka
surface and the DA-part of DA,m is itself. Then by Lemma 5.3.9, we have KXm +DA,m ∼ 0 and hence
dim Aut0(Xm, DA,m) = q¯(Xm \DA,m)
by Lemma 5.3.10. Further, it follows from Lemmas 5.3.3 and 5.3.1 that
q¯(Xm \DA,m) = q¯(X \DA) ≤ q¯(V ).
Thus we only need to prove that pi is G-equivariant so that G ≤ Aut0(Xm, DA,m). Indeed, the class of
each (−1)-curve in NE(Xi) is a (KXi +DA,i)-negative extremal ray, so is preserved by the connected
group G. Hence each pii is G-equivariant, and so is the composition pi.
From the discussion above, we have
dim Aut0(X,D) ≤ dim Aut0(X,DA) ≤ dim Aut0(Xm, DA,m) = q¯(Xm \DA,m) ≤ q¯(V ).
This completes the proof of Theorem 5.3.6.
5.3.3 Surfaces with κ¯ = p¯g = 0
Parallel to the previous subsection, we are going to prove Theorem 5.1.2 for smooth algebraic surfaces
with both logarithmic Kodaira dimension and logarithmic geometric genus vanishing. Together with
logarithmic Iitaka surfaces, they are all smooth algebraic surfaces with vanishing logarithmic Kodaira
dimension.
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Theorem 5.3.11. Let (X,D) be a log smooth pair of dimension 2 with V := X \D such that κ¯(V ) =
p¯g(V ) = 0. Then the identity connected component of Aut(X,D) is a semi-abelian variety of dimension
at most q(X).
Given a smooth algebraic surface V with κ¯(V ) = p¯g(V ) = 0, similar to Lemma 5.3.7, we also have
some restriction on this surface if it further admits a faithful algebraic 1-torus action. Recall again that an
elliptic ruled surface is a (birationally) ruled surface of genus 1.
Lemma 5.3.12. Let (X,D) be a log smooth pair of dimension 2 with V := X \ D. Suppose that
κ¯(V ) = p¯g(V ) = 0 and Gm ≤ Aut(X,D). Then X is an elliptic ruled surface.
Proof. By a classical characterization of the C∗-surfaces (i.e., algebraic surfaces admitting algebraic
1-torus action), there exists an invariant Zariski open subvariety U ⊆ V equivariantly isomorphic to
C0 ×C∗ with Gm acting only on the second factor by translation, where C0 is a smooth curve (probably
non-projective, cf. [OW77, §1.6, Lemma and §2.2, Theorem]). Thus there is an equivariant birational
map f : X 99K C ×P1 with C the smooth completion of C0. Since X cannot be a ruled surface of genus
q(X) > 1 by the same argument in the proof of Lemma 5.3.7 (see also [Miy01, Lemma 2.5.2, Chapter 2]
by using the Riemann–Hurwitz formula to exclude that case), we only need to rule out the case that X is
a rational surface.
Suppose to the contrary that X is a rational surface. Then obviously, the curve C can be taken as P1.
So we obtain an equivariant birational map f : X 99K Y := P1 ×P1. Note that κ¯(U) ≥ κ¯(V ) = 0 and
hence C0 = C∗ or P1 \ {x1, . . . , xt} with t ≥ 3.
CASE 1: C0 = C∗. Take an equivariant resolution pi : X˜ → X of the indeterminacy points of f
and Sing(X \ U) such that ϕ := f ◦ pi : X˜ → Y is an equivariant birational morphism and pi−1(X \ U)
is a simple normal crossing divisor. Then it follows from the well-definedness of various logarithmic
invariants that
κ¯(V˜ ) = κ¯(V ) = 0, p¯g(V˜ ) = p¯g(V ) = 0 and q¯(V˜ ) = q¯(V ) ≤ 2,
where V˜ := X˜ \D˜ with D˜ := pi−1(D). Let B˜ := pi−1(X \U)\D˜. We consider the new pair (X˜, D˜+B˜).
It is easy to see that X˜ \ (D˜+ B˜) = pi−1(U) ' U ' C∗×C∗ under the birational morphism ϕ. We can
take a reduced effective divisor DY := 2 sections + 2 fibres on Y , such that ϕ−1(DY ) = D˜ + B˜ since
the restriction of ϕ to X˜ \ (D˜ + B˜) is an isomorphism.
We have two possibilities according to the dimension of ϕ(B˜). Suppose that dimϕ(B˜) = 0, i.e.,
B˜ is ϕ-exceptional. Note that ϕ is the composition of blowups of (fixed) points. Then by Lemma
5.3.3, we have q¯(V˜ ) = q¯(Y \DY ) = 2. So by [Kaw81, Corollary 29], the quasi-Albanese morphism
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α
V˜
: V˜ → A
V˜
is birational, and hence p¯g(V˜ ) = 1 since p¯g is a birational invariant for smooth varieties.
This contradicts our assumption. Suppose that dimϕ(B˜) = 1. Then ϕ(D˜) is a proper subset of DY
with some fibre or section taking away so that κ¯(Y \ ϕ(D˜)) = −∞. In this case, by the logarithmic
ramification formula we have
K
X˜
+ ϕ−1(ϕ(D˜)) = ϕ∗(KY + ϕ(D˜)) + E,
where E is an effective ϕ-exceptional divisor (cf. [Iit82, Theorem 11.5]). It follows that
κ¯(X˜ \ ϕ−1(ϕ(D˜))) = κ¯(Y \ ϕ(D˜)) = −∞.
Also note that D˜ ≤ ϕ−1(ϕ(D˜)) and hence κ¯(V˜ ) = κ¯(X˜ \ D˜) ≤ κ¯(X˜ \ϕ−1(ϕ(D˜))) = −∞, which is a
contradiction.
CASE 2: C0 = P1 \ {x1, . . . , xt} with t ≥ 3. The proof of this case is quite similar with the first
one. We keep using the notations there but take DY := 2 sections + t fibres on Y with respect to the first
projection p1 : P1 ×P1 → P1, such that ϕ−1(DY ) = D˜ + B˜. If dimϕ(B˜) = 0, then by Lemma 5.3.3
we have q¯(V˜ ) = q¯(Y \DY ) ≥ 3. This contradicts the fact q¯(V˜ ) ≤ 2. If dimϕ(B˜) = 1, we also have
two possibilities:
• ϕ(B˜) contains a section: we can derive a contradiction like κ¯(V˜ ) = −∞ as in Case 1.
• ϕ(B˜) consists of fibres: according to the number of the fibres, we can get q¯(V˜ ) ≥ 3, or q¯(V˜ ) = 2
and p¯g(V˜ ) = 1, or κ¯(V˜ ) = −∞. All of these cases cannot happen under our assumptions.
Therefore, we have proved that X cannot be a rational surface and hence complete the proof of
Lemma 5.3.12.
Proof of Theorem 5.3.11. First it follows directly from Theorem 5.1.1 that G := Aut0(X,D) is a semi-
abelian variety of dimension at most 2. If dimG = 2, then by Theorem 5.1.1 (2), KX + D ∼ 0 and
hence p¯g(V ) = 1 which is impossible. So we only to consider the case dimG = 1. If G is complete, then
by the Nishi–Matsumura theorem (cf. [Mat63]), the induced group homomorphism G→ Alb(V ) has a
finite kernel. In particular, we have dimG ≤ dim Alb(V ) = q(X). The last remaining case is G = Gm.
By Lemma 5.3.12, X is an elliptic ruled surface with q(X) = 1 in this case. So dimG = 1 = q(X).
5.3.4 Proof of Theorem 5.1.2
It follows immediately from Theorems 5.3.6 and 5.3.11.
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